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Preface 

PlantMod is an interactive program for exploring photosynthesis and respiration by plants and 

canopies, canopy transpiration, canopy temperature, and the canopy energy balance in response to 

environmental conditions.  The models are based on published models, with a complete description 

presented here.   

PlantMod was originally published in 1991, with version 2.1 being released in 1994.  These early 

versions were published by Greenhat Software.  Since that time there has been a hiatus owing to my 

involvement in other major projects, particularly the development of pasture simulation models.  

However, PlantMod 2.1 remains popular with a number of users and it was always my intention to 

do an update.  This new version is a complete reworking of the models and rewrite of the code and 

documentation, since there have been advances in the general theory of the underlying physiology 

and obvious advances in computer software technology. 

The underlying objective in developing PlantMod has been to make the models readily accessible.  

Few teachers, students, or researchers have the time or skills to develop computer simulation 

models, yet they do have the background knowledge of the physiology and how these systems 

function.  Hopefully, PlantMod will give them ready access to the myriad of complex physiological 

interactions that occur in plant canopies.  One consequence of making the models easily accessible is 

that it becomes quite simple to explore their behaviour for a wide range of physiological parameters 

and environmental conditions.  This can expose limitations and weaknesses in the models and that 

can only be seen as a good thing as it highlights areas that require refinement.  Consequently, while 

the models in PlantMod do seem robust and versatile, there will always be room for improvement.  I 

welcome feedback and comments about the models. 

There are three aspects to the PlantMod package:  the computer program, designed to run under 

MicrosoftÑ WindowsÓ, the interactive Help file which gives a general overview of the program and 

models, and this document which provides a full mathematical description of the models, including 

the necessary background mathematics, physics and chemistry. 

I would like to acknowledge my friend, colleague and in many ways mentor, John Thornley, with 

whom I have been collaborating with for 30 years, and who has had a major influence on the way I 

approach plant, crop and pasture modelling.  I am also grateful to Bruce Bugbee and Jonathan Franz 

for their comments on PlantMod and many interesting discussions relating to plant and crop 

physiology. 

CƛƴŀƭƭȅΣ L ǿŜƭŎƻƳŜ ŀƴȅ ǉǳŜǎǘƛƻƴǎ ƻǊ ŎƻƳƳŜƴǘǎ ŀōƻǳǘ tƭŀƴǘaƻŘΣ ŀƴŘ Ŏŀƴ ōŜ ŎƻƴǘŀŎǘŜŘ Ǿƛŀ ǘƘŜ ΨIŜƭǇΣ 

!ōƻǳǘΩ ƳŜƴǳ ƛǘŜƳ ƛƴ ǘƘŜ ǇǊƻƎǊŀƳΦ 

Ian Johnson (Melbourne, Vic, August 2011) 
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1 Introduction  

1.1 Overview  

Carbon and water are the basic building blocks of life.  The photosynthetic reaction combines 

atmospheric carbon dioxide with water to produce carbohydrate and emit oxygen and this is the 

fundamental source of life on the planet.  Although water is a key component, virtually all of the 

water taken up by the plant is lost as transpiration to the atmosphere.  Thus, while the study of 

photosynthesis addresses the assimilation of sugars from atmospheric carbon dioxide and water, the 

analysis of water use focuses on transpiration.  The study of canopy photosynthesis and 

transpiration therefore lies at the heart of our understanding of the growth of crops and pastures, 

and their interaction with the environment. 

PlantMod is an interactive program for exploring carbon assimilation (photosynthesis and 

respiration) by plants and canopies, canopy water use (transpiration), canopy temperature, and the 

canopy energy balance in response to environmental conditions.  The program is designed for 

experienced and inexperienced modellers and requires only basic computer skills.  The models are 

based on published models, but a complete description is presented here.  In this Introduction, a 

general overview of plant and crop modelling is presented and then some background topics are 

discussed, which are required in the later chapters.  Further discussion can be found in Thornley and 

Johnson (2000) and Thornley and France (2007). 

1.2 Plant and crop modelling  

In recent years, models have become an integral component of the plant and crop sciences.  They 

have a wide variety of uses in many aspects of agricultural management, such as irrigation 

scheduling and pasture management.  Equally so, they also play an important role in plant and crop 

research:  for example, models have helped identify the growth and maintenance components of 

plant respiration.  This interest in modelling has had many benefits and has provided a means of 

integrating concepts from many different branches of science. 

When constructing models it is important that model design meets the objectives of the project.  It 

is therefore important to consider the different types of model and how these relate to each other.  

The main model types used in PlantMod are mechanistic and empirical, as discussed in Section 1.2.2 

below.  Before proceeding, it is worth noting that it is unlikely that one model of a particular process 

will suit all likely modelling objectives. 

1.2.1 Hierarchical syst ems 

Plant biology, and biology in general, has many organizational levels.  In physics and chemistry there 

is a clear distinction between moving from atomic and molecular behaviour to that of liquids and 

solids, in biology there are several levels that can be considered.  This range of different levels gives 

rise to the great diversity of the biological world.  A typical hierarchical scheme for the plant sciences 

is: 
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Χ Χ 

Χ landscape 

Ὥ ρ  crop or pasture 

Ὥ  plant 

Ὥ ρ  organs 

Χ tissues 

Χ cells 

Χ organelles 

Χ macromolecules 

Χ molecules and atoms 

PlantMod focuses on processes primarily at levels Ὥ ρ, Ὥ, Ὥ ρ. 

The principal features of this hierarchical system are: 

1. Each level has its own language.  For example, crop yield has little meaning at the cell level. 

2. Each level is an integration of items at lower levels, so that the response of the system at 

one level can be related to responses at lower levels.  For example, canopy photosynthesis is 

calculated in terms of the sum of the photosynthesis of the leaves in the plants that make up 

the canopy. 

Other features of this system are discussed in Thornley and Johnson (2000) and Thornley and France 

(2007).   

1.2.2 Types of models 

Models can be divided into several categories, with perhaps the most widely used being mechanistic 

and empirical, deterministic and stochastic.  The difference between deterministic and stochastic 

models is that deterministic models predict a precise value for a variable of the system, whereas 

stochastic models also involve statistical variation.  Both have their value, but in PlantMod the 

statistical features of the behaviour of the system are not considered.   

Empirical models  

Empirical models do not involve details of the underlying scientific basis of the system, but are 

curves that are used to describe patterns of behaviour or to summarize sets of data.  An example of 

empirical modelling is the use of growth functions to describe crop dry weight during the growth 

period.  Generally, an empirical model describes the response of the system at a single level in the 

hierarchical structure mentioned in the previous section. 

Although empirical models are usually curves that can be fitted to experimental data, and that 

display the general expected characteristics of the response, they are much more useful if the curves 

have readily interpreted parameters.  For example, the temperature response functions discussed in 

Section 1.3.5 below are used to describe the influence of temperature on various processes in 

PlantMod.  These response functions are empirical but are formulated with minimum, optimum and 

maximum temperature parameters for the processes, which makes them simple to apply.  Another 

example of an empirical model is the description of the influence of environmental conditions on 

stomatal conductance.  The method discussed in Section 1.6.4 below is based on the widely used 

approach of Ball et al. (1987) which defines the influence of light, relative humidity and CO2 

concentration on stomatal conductance.  There is no underlying physiological basis for these 

equations, but they display the observed characteristics of the responses, have readily interpreted 
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parameters, and provide a robust way of incorporating these effects in the model of canopy 

transpiration. 

Mechanistic models 

Mechanistic models are constructed from descriptions of the underlying processes involved in the 

system being studied, and these descriptions are quite often empirical (or semi-empirical).  They 

generally operate between two or three levels in the hierarchical structure discussed in the previous 

Section.  For example, canopy gross photosynthesis can be defined in terms of an equation 

describing single leaf photosynthesis in response to light and another describing light attenuation 

through the canopy.  Ideally, each of these sub-models will have parameters that have some 

biophysical interpretation, but they may not be founded on detailed mechanisms.   

The complexity of mechanistic models will increase as the range of processes used to build that 

model increases, or if greater detail is used to describe these processes.  Again, using canopy 

photosynthesis as an example, the light within the canopy can be treated as homogeneous or 

allowance can be made for direct sunlight and diffuse radiation (both these scenarios are explored in 

PlantMod).  The complexity at which a model is developed is therefore subject to some degree of 

choice.  The greater the detail, the more complex the model.  It is important that the complexity of 

the model suits the objectives of the system being investigated and this means that there is 

generally no single model of a biological process that suits all purposes. 

The distinction between mechanistic and empirical models is not always clear.  For example, the 

equation used to describe single leaf gross photosynthesis in PlantMod, the non-rectangular 

hyperbola which is discussed in detail later, can be derived from a very simple model of leaf 

photosynthesis.  However, the underlying model contains such broad assumptions that it does not 

really encapsulate the biochemical details of leaf photosynthesis.  In this case, we can regard the 

equation as semi-empirical, recognising that it has the desired behaviour but with a limited 

biophysical basis.   

1.3 Background mathematical functions  

Some background calculations are now presented.  These are used in the later model descriptions. 

1.3.1 Rectangular hyperbola  

The simple rectangular hyperbola (RH) can be derived from basic concepts of enzyme kinetics.  It is 

generally presented in one of two forms: 

 m

m

xy
y

x y

a

a
=

+
 (1.1) 

or  

 m

x
y y

x K
=

+
 (1.2) 

although the symbol ὺ for the speed of the reaction, and Ὓ for substrate concentration are often 

used instead of ὼ and ώ.  In both equations, ώ  is the asymptotic value of ώ as ὼO Њ;  with eqn 

(1.1), ‌ is the initial slope of the curve, while for eqn (1.2) ώ takes half its maximum value when 

ὼ ὑ, that is ώὼ ὑ  ώ ςϳ .  These two forms of the RH are mathematically equivalent and it 

is readily shown that  



PlantMod:  canopy transpiration, temperature, and energy budget 4 

 my
K
a

=  (1.3) 

The rectangular hyperbola of the form (1.2) is often referred to as the Michaelis-Menten equation 

due to their early application of this equation to enzyme kinetics in 1913. 

The form of the equation that is used depends on the particular application ς sometimes it is 

convenient to prescribe the initial slope of the response, ‌, while in other cases the value of ὼ for 

half-maximal response, ὑ, is more convenient.   

The equation is referred to as a rectangular hyperbola since it has two asymptotes that are at right 

angles to each other.  These are: 

 my y=  (1.4) 

and  

 my
x
a

-
=   or  x K=- (1.5) 

In practice, only positive values of ὼ are used.  The RH is illustrated in Fig. 1.1. 

 

Figure 1.1:  Rectangular hyperbola (blue lines), eqn (1.1) or (1.2), and the asymptotes 

given by eqns (1.4) and (1.5) (black dashed lines).  The solid blue line is the part of the 

equation that is generally used in biological models. 

The RH is also shown in Fig. 1.2 where now only the part of the curve that is biologically meaningful 

is shown, along with the key equation parameters.  While the RH is a simple curve to work with, and 

the parameters have biological meaning, it is limited in that it generally approaches the asymptote 

quite slowly.  The more general non-rectangular hyperbola that is discussed in the next section 

overcomes this limitation.  

y

 

x 
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Figure 1.2:  Rectangular hyperbola (blue line) with the key parameters as indicated.   

See text for details. 

1.3.2 Non-rectangular hyperbola  

The non-rectangular hyperbola (NRH) is a useful generic equation that is widely used to describe the 

leaf photosynthetic response to irradiance (see Chapter 3).  It will also be used here for the CO2 

response.  Mathematically, it is a modification of the rectangular hyperbola (RH) discussed in the 

previous section that has an extra parameter and where the asymptotes are now not perpendicular 

to each other.  An overview of the equation is given here and for more detail, see Thornley and 

Johnson (2000) or Thornley and France (2007).  Adding a quadratic equation to the RH, the NRH 

equation can be written  

 ( )2 0m my x y y xyq a a- + + = (1.6) 

For — π it reduces to the RH, eqn (1.1). 

The solutions to eqn (1.6) are 

 ( ){ }
1 221

4
2

m m my x y x y y xa a aq
q

è ø
= + ° + -é ù

ê ú
 (1.7) 

Note that for this equation to have two real solutions, it is necessary that 

 ( )
2

4 m my x x yaq a¢ +  (1.8) 

for all values of ὼ.  For ὼ π this requires 

 
( )

2

4

m

m

x y

y x

a
q

a

+
¢  (1.9) 

It is easy to show that the right-hand side of this equation takes its minimum value of 1 when 

‌ὼ ώ , so that the required constraint is 

 1q¢  (1.10) 

Before looking at these solutions given by (1.7), note that eqn (1.6) can be factorized to give 

 ( ) ( ){ } ( )21 1m m my y y x y yq a q qè ø- - + - = -ê ú  (1.11) 

y

 

x 

a 

ym 

K 

ym /2 

0 
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from which it can be seen that there are two asymptotes at 

 my y=   and  
( )1mx y

y
a q

q

+ -
=  (1.12) 

The solutions to eqn (1.6) as given by (1.7), along with the asymptotes (1.11) are illustrated in Fig. 

1.3.  Note that in biological models, and all the present applications, the lower solution in (1.7) is 

used, with ὼ π:  this is illustrated with the solid line in Fig. 1.3 

 

Figure 1.3:  Non-rectangular hyperbola (blue lines), eqns (1.6) and (1.7), and the 

asymptotes given by eqns (1.12) (black dashed lines).  The solid blue line is the part of 

the equation that is generally used in biological models. 

Now consider the behaviour of this equation for the biologically appropriate situation for ὼ  0.  The 

three parameters are ‌, —, ώ .  As mentioned above, ώ  is the asymptote, so that 

 ( ) my x y­¤ ­  (1.13) 

It can be shown that ‌ is the initial slope of the curve, which means that 

 ( )0y x xa­ ­  (1.14) 

The third parameter, —, controls the curvature of the response function.  As seen above, for — π, 

the equation reduces to the simpler rectangular hyperbola.  For — ρ it becomes two straight lines: 

 
,

, m

m m

x x y
y

y x y

a a

a

¢ëî
=ì

>îí
 (1.15) 

The general solution is 

 ( ){ }
1 221

4
2

m m my x y x y y xa a aq
q

è ø
= + - + -é ù

ê ú
 (1.16) 

As mentioned earlier, the constraint — ρ must apply (eqn (1.10)) and, while solutions do exist for 

negative values of —, it is convenient to define a family of curves between the rectangular hyperbola 

and the two straight lines given by eqn (1.15) and so the constraint (1.10) is extended to 

 0 1q¢ ¢ (1.17) 

and this is applied through the analysis. 

y

 

x 
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The non-rectangular hyperbola is illustrated in Fig. 1.4 for a range of — values.  This is a powerful, 

versatile equation that is easy to work with.  The three parameters each control the key aspects of 

the response:  the initial slope, curvature and asymptote.  This is the form of the equation that is 

used to describe the light response for leaf gross photosynthesis.  It is also used in the CO2 response 

function. 

 

Figure 1.4:  Non-rectangular hyperbola, eqn (1.16) for — increasing from 0 (lower line,) 

to 1 (upper line).  The initial slope is ‌ and the asymptote is ώ . 

1.3.3 Switch functions  

Lǘ ƛǎ ǎƻƳŜǘƛƳŜǎ ǳǎŜŦǳƭ ǘƻ ƘŀǾŜ ŜȄǇǊŜǎǎƛƻƴǎ ǘƻ ŘŜŦƛƴŜ ΨǎǿƛǘŎƘ-ƻƴΩ ƻǊ ΨǎǿƛǘŎƘ-ƻŦŦΩ ōŜƘŀǾƛƻǳǊΦ  {ƛƳǇƭŜ 

equations for this are 

 
n

on m n n

x
y y

x K
=

+
 (1.18) 

which is quite similar to the rectangular hyperbola, and  

 
n

off m n n

K
y y

x K
=

+
 (1.19) 

Both of these equations, which are illustrated in Fig. 1.5, take the value ώ ςϳ  when ὼ ὑ. 

 

CƛƎǳǊŜ мΦрΥ  Ψ{ǿƛǘŎƘ-ƻƴΩ όƭŜŦǘύ ŀƴŘ ΨǎǿƛǘŎƘ-ƻŦŦΩ όǊƛƎƘǘύ ŦǳƴŎǘƛƻƴǎ Ǝƛven by eqns (1.18) and 

(1.19), with ώ ρ, ὑ ρ and ὲ as indicated 

y
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These functions are not actually used in PlantMod, but are presented here as simple extensions of 

the rectangular hyperbola that may be of use in other modelling exercises.  

1.3.4 CO2 response function  

The NRH will be used in the treatment of the photosynthetic response to CO2.  However, it is 

convenient to re-cast the equation.  First consider the general equation given by 

 () ( ){ }
1 2

2

, , ,

1
4

2
C C m C m C mf C C f C f f Cb b fb

f

è ø
= + - + -é ù
ê ú

 (1.20) 

which is of the form eqn (1.16), where ὅ is atmospheric CO2 concentration, ‍ is the initial slope, ‰ 

π ‰ ρ the curvature and Ὢȟ  the asymptote.   

In order to assist with parameterisation, the function is constrained to take the value unity at 

ambient CO2 and ‗ at double ambient, so that  

 
( )

( )

1

2

C amb

C amb

f C C

f C C l

û= = î
ü

= =îý

 (1.21) 

which are the values at ambient and double ambient CO2 concentration, where ὅ  is the ambient 

atmospheric CO2 concentration, taken to be ὅ σψπ ‘ÍÏÌ ÍÏÌ, eqn (1.70) below. 

For example, consider this equation as used for leaf gross photosynthesis at saturating irradiance.  If 

‗ ρȢυ and Ὢȟ ς then the photosynthetic rate increases by 50% when CO2 is double ambient, 

and is increased by 100% at saturating CO2.  It is now necessary to calculate the appropriate values 

of ‍ and ‰ in eqn (1.20) in order to satisfy (1.21).  After some algebra, it can be shown that 

 
( ) ( )

( ) ( )
, , ,

2
, ,

1 2

1 2

C m C m C m

C m C m

f f f

f f

l l
f

l l

è ø- - -ê ú
=

- - -
 (1.22) 

and  

 
( )
( )
,

,2

C m

amb C m

f

C f

l fl
b

l

-
=

-
 (1.23) 

so that ‍ and ‰ are evaluated in terms of ‗ and Ὢȟ .  Care must be taken to ensure that values for ‗ 

and Ὢȟ  are selected such that π ‰ ρ and ‍ π.  To do so, note that 

 1f=  when ,C mf l= ;  and 0f=  when ( ), 2C mf l l= -  (1.24) 

Since ‗ ρ, it then follows that the required constraint is  

 ,
2

C mf
l

l
¢
-

 (1.25) 

This is checked in the program.  Note that with the default values 

 ,1.5, 2C mfl= = (1.26) 

it follows that 

 0.0032, 0.8b f= =  (1.27) 
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The function is illustrated in Fig. 1.6 where ambient, double ambient, and the asymptote are also 

shown. 

 

Figure 1.6:  Generic CO2 response function Ὢ, eqn (1.20), subject to (1.21), (1.22), (1.23)

with ὅ  = 380ppm, Ὢ ὅ ὅ  = 1, Ὢ ὅ ςὅ  = 1.5, Ὢ ὅᴼЊ  = 2. 

1.3.5 Temperature response functions  

Two forms of temperature response are used in the model ς either with or without a temperature 

optimum.  For more details see Johnson and Thornley (1985), Thornley and Johnson (2000), 

Thornley and France (2007). 

Temperature response with out an optimum  

The simplest equation to use is the so-called ὗ , which is given by 

 ( )10
10

rT T
rk k Q

-
=  (1.28) 

where Ὧ is the reaction rate, Ὕ is temperature, Ὕ is a reference temperature, taken to be  

 rT =ςπᴈ (1.29) 

Ὧ is the value of Ὧ at the reference temperature Ὕ, and ὗ  is the temperature coefficient.  

According to this equation,  

 
( )
() 10

10k T
Q

k T

+
=  (1.30) 

for all values of Ὕ, so that the reaction rate increases by a factor ὗ  for every 10ᴈ increase in 

temperature.  ὗ  is typically of order 1.5 to 2 for most practical applications. 

An alternative equation that is sometimes used is the Arrhenius equation, which is defined by 

 aE RTk Ae-=  (1.31) 

where ὃ is a rate parameter with the same dimensions as Ὧ, Ὁ (J mol-1) is the activation energy, Ὕ 

(K) is the absolute temperature, and Ὑ ψȢσρτυ J K-1 mol-1 is the gas constant.  A derivation of eqn 

(1.31) can be found in Johnson and Thornley (1985) or Thornley and Johnson (2000). 
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It is convenient to normalize (1.31) so that it takes a reference value at the reference temperature 

Ὕ, which requires 

 293.15aE R
rA k e=  (1.32) 

where the factor 293.15 is 20ᴈ converted to absolute degrees (K).  Equation (1.31) is now written 

 
1 1

exp a
r

r

E
k k

R T T

è øå õ
= -é ùæ ö

é ùç ÷ê ú

 (1.33) 

so that  

 ( )r rk k T T= =  (1.34) 

In practice, the activation energy, Ὁ is treated as an empirical parameter to fit to data.  This can be 

compared to the ὗ  equation, eqn (1.28), by using the fact that they both take the value Ὧ at the 

reference temperature, Ὕ, and then equating them at 30ᴈ to give 

 ( ) ( )10 10

293.15 303.15
8.3145 ln 74,130 ln

10
aE Q Q

³
= ³ =  (1.35) 

With typical values of 1.5 and 2 for ὗ , the corresponding Ὁ values are 

 
1

10

1
10

1.5; 29,960 J mol

2; 51,216 J mol

a

a

Q E

Q E

-

-

= =

= =
 (1.36) 

The ὗ  and Arrhenius equations are illustrated in Fig. 1.7 for these parameter values.  It can be seen 

that the responses are virtually identical over a practical temperature range. 

 

Figure 1.7.  ὗ  equation, blue lines, and Arrhenius equation, dashed red lines, for the 

ὗ  values as indicated and activation energies given by eqn (1.36).  The two equations 

give virtually identical responses. 

Given the close similarity between the two equations, the choice here is to use the ὗ  approach 

since the ὗ  parameter is intuitive to work with and is simple to relate to data.  Furthermore, the 

Arrhenius equation is based on a single chemical reaction, whereas processes such as plant 

respiration involve sequences of many reactions which may have different individual energy 

characteristics. 
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Temperature response with an optimum  

Temperature responses with a temperature optimum are more complex to deal with than those 

without that were considered above.  The scheme for the Arrhenius equation can be generalized to 

generate a response function that has a maximum, and the resulting equation is 

 
( )

( )

exp

1 exp

aA E RT
k

S R H RT

-
=
+ D -D

 (1.37) 

where, again, ὃ is a rate constant, Ὁ (J mol-1) is the activation energy, Ὕ (K) is the absolute 

temperature, and Ὑ is the gas constant.  The additional parameters are ЎὛ (J K-1 mol-1) which is an 

entropy term, and ЎὌ (J mol-1) which is an enthalpy term.  A derivation of eqn (1.37) is given in 

Johnson and Thornley (1985) or Thornley and Johnson (2000).  Equation (1.37) is illustrated in Fig. 

1.8. 

 

Figure 1.8:  Temperature response function, eqn (1.37).   

Blue line:  ὃ υȢσσρπ, Ὁ Ὑϳ χȢυ ρπ K, ЎὛὙϳ τψ, ЎὌ Ὑϳ ρȢυ ρπ K. 

Red line:  ὃ ςȢυ ρπ, Ὁ Ὑϳ ρȢυ ρπ K, ЎὛὙϳ ψρ, ЎὌ Ὑϳ ςȢυ ρπ K 

While parameter values can be selected in eqn (1.37) to describe temperature responses, it is quite 

complex to vary the parameters routinely to adjust the details of the curve.  As for the Arrhenius 

equation discussed above, eqn (1.31), the underlying scheme that leads to eqn (1.37) involves an 

idealized single enzyme-substrate reaction where the enzyme can exist in either an active or inactive 

state.  There is little theoretical justification in using this scheme for the sequence of reactions that 

occur in photosynthesis.  It should be noted that variations to eqn (1.37) can be derived. 

For the present purposes, a simpler empirical temperature response function is used.  Following 

Thornley (1998), Thornley and France (2007), consider the temperature response function given by 

 ()
q

mn mx
T

r mn mx r

T T T T
f T

T T T T

å õ å õ- -
=æ ö æ ö

- -ç ÷ ç ÷
 (1.38) 

where Ὕ  and  Ὕ  are the minimum and maximum temperatures such that  

 ( ) ( )0T mn T mxf T f T= = (1.39) 

ή ρ is a curvature parameter, and Ὕ is a reference temperature with  
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 ( )1T rf T =  (1.40) 

This equation has a maximum value at 

 
1

mn mx
opt

T qT
T

q

+
=

+
 (1.41) 

from which  

 
( )1 opt mn

mx

q T T
T

q

+ -
=  (1.42) 

Equation (1.42) can be used in (1.38) to eliminate Ὕ , giving 

 ()
( )

( )

å õ+ - -å õ-
= æ öæ öæ ö- + - -ç ÷ç ÷

1

1

q
opt mnmn

T
r mn opt mn r

q T T qTT T
f T

T T q T T qT
 (1.43) 

This equation describes the temperature response in terms of the minimum and optimum 

temperatures, as well as the curvature coefficient ή.  Alternatively, if it was more convenient, ή 

could be derived from eqn (1.41) to give an equation in terms of the minimum, optimum and 

maximum temperatures.  This is not presented here, and eqn (1.43) will be used. 

In applying this function, the constraint  

 r optT T¢  (1.44) 

should be applied.  While this is not absolutely necessary, it does ensure sensible behaviour of eqn 

(1.43). 

The function is illustrated in Fig. 1.9. 

 

Figure 1.9.  Generic temperature function, eqn (1.43).  Parameters are: Ὕ ςπᴈ, 

Ὕ υᴈ, Ὕ ςυᴈ, ή as indicated.  Note that ὪὝ Ὕ ρ. 

This equation is versatile and simple to use, having easily interpreted parameter values, and will be 

used for temperature responses that have an optimum.  It should be noted that when ή ρ the 

temperature response is symmetric around the optimum temperature.  This rarely happens in 

biological processes and values of ή in the range 2 to 3 are generally more appropriate. 
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1.4 Plant composition components  

The theory presented here involves plant dry weight (d.wt) as well as photosynthetic rates.  While 

the mole is the preferred unit for photosynthesis, in most plant growth experiments the units of 

plant dry weight are usually kg d.wt.  To reconcile these units, it is assumed that the plant comprises 

sugars, which are mono and disaccharides, protein, and cell wall material which is primarily cellulose 

and hemicelluloses.  Other components such as lipids are not considered here, although the analysis 

could be extended to include them in a straightforward way.  Taking the sugars to be primarily 

disaccharides (sucrose, fructose), the following carbon compositions by mass are used: 

 

( )

( )

( )

1

1

1

Cell wall: 0.44 kg carbon kg cell wall

Protein: 0.48 kg carbon kg protein

Sugars: 0.42 kg carbon kg sugar

-

-

-

û
î
î
ü
î
îý

 (1.45) 

Denote the molar and dry weight fractions of plant material by  

 mole dry weight 

Cell wall fraction: Ὢ  Ὂ  

Protein fraction: Ὢ  Ὂ  

Sugar fraction: Ὢ  Ὂ  

It follows that the fraction of carbon in total plant dry weight is 

 0.44 0.48 0.42C w p sF F F F= + +  (1.46) 

The conversions between mole and dry weight fractions of the individual components are: 

 

0.44

0.48

0.42

w w C

p p C

s s C

f F F

f F F

f F F

û= ³
î

= ³ ü
î

= ³ ý

 (1.47) 

As an example, consider the plant dry weight composition to be  65% cell wall, 25% protein and 10% 

sugars by weight, so that 

 Ὂ πȢφυ,   Ὂ πȢςυ,   Ὂ πȢρ,  (1.48) 

which gives (working to 2 significant figures) 

 Ὂ πȢτυȟ  (1.49) 

and 

 Ὢ πȢφτ, Ὢ πȢςχ, Ὢ πȢπω (1.50) 

Thus, while the mole and dry weight fractions of plant material do not vary greatly, they are, 

nevertheless, not identical and appropriate care should be taken. 

Ὂ can be seen to be relatively insensitive to moderate changes in plant composition, although the 

carbon content of the plant components will affect the calculation of Ὂ. 

For whole plant material, 
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0.012

1 mol C =  kg d.wt
CF

 (1.51) 

and, using eqn (1.49), this gives  

 1 mol C = 0.027 kg d.wt (1.52) 

or 

 1 kg d.wt 37 mol C=  (1.53) 

This is the conversion used here, although alternative values for Ὂ could readily be used.  The 

parameter 

 ‎  37 mol C (kg d.wt)-1 (1.54) 

will be used to convert from dry weight to mole units. 

1.5 Atmospheric composition  

Photosynthesis is influenced by atmospheric CO2 concentration, while transpiration and evaporation 

depend on the water vapour concentration in the atmosphere.  Methods for defining atmospheric 

gas components are now considered. 

Density is defined as kg m-3 and concentration as mol m-3.  From the gas laws, the mole 

concentration of any gas, • (mol m-3), is given by 

 
K

P

RT
j=  (1.55) 

where ὖ (Pa) is the atmospheric pressure, Ὕ (K) is temperature and Ὑ ψȢσρτ J K-1 mol-1 is the gas 

constant.  Note that, while ὅ is often used to define concentration in analysis of this type, • is used 

here to allow ὅ to be used in the treatment for CO2.  Also, the notation Ὕ is used to avoid confusion 

with Ὕ ᴈ.  The atmosphere is taken to comprise the dry air components plus water vapour, with the 

principal constituents of dry air (working to 2 percentage decimal places) being nitrogen (78.08%), 

oxygen (20.95%), argon (0.93%), and carbon dioxide (0.04%).  When water vapour is included, it can 

account for up to around 4% of the atmosphere (although this is subject to considerable variation) 

and in this case the proportions of the main atmospheric constituents will decline slightly. 

It is convenient to use either normal temperature and pressure (NTP) or standard temperature and 

pressure (STP).  NTP is usually taken to be 20°C and 101.325 kPa.  STP is 0°C and 101.325 kPa.  Note 

that 101.325 kPa is the SI definition of pressure and is equivalent to 1 atmosphere (atm) which, in 

turn, is equivalent to 760 mm Hg and is a traditional value for atmospheric pressure at sea level.  In 

all of the analysis here, NTP will be used, since 20°C is generally a more appropriate temperature for 

biological processes than 0°C, and is defined as: 

 NTP:   20°C,  101.325 kPa. (1.56) 

Thus, at NTP 

 41.574NTPj = mol m-3 (1.57) 

which is the molar concentration of any gas. 

The density ”, kg m-3, is given by 

 Mr j=  (1.58) 
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where ὓ (kg mol-1) is the molar mass, for example 44.0110-3 kg mol-1 for CO2. 

In practice, the components of the atmosphere, such as CO2, O2, or water vapour are required.  

Denoting the concentration of the atmosphere as • , eqn (1.55) can be rewritten as 

 atm
K

P

RT
j =  (1.59) 

The partial concentration of any component of the atmosphere, • (mol m-3), such as CO2 or water 

vapour, has concentration 

 i
i

K

e

RT
j=  (1.60) 

where Ὡ (Pa) is the partial pressure of the gas.   

The fractional concentration of gas Ὥ, ὧ mol gas Ὥ (mol atmosphere)-1, is simply 

 i
i

atm

c
j

j
=  (1.61) 

so that, using (1.59) 

 i i
K

P
c

RT
j=  (1.62) 

which defines the molar concentration in terms of the fractional concentration, atmospheric 

pressure, the gas constant and temperature.  As an example, consider CO2 at NTP, eqn (1.56), and 

with ὧ σψπ ‘mol mol-1 (equivalent to 380 ppm), so that the true concentration of CO2 is 

 
2COj =0.01580 ‘mol m-3 (1.63) 

Similarly, the partial pressure of constituent Ὥ, using (1.60) and (1.62), is 

 i ie c P=  (1.64) 

so that the sum of the partial pressures of all the constituent gas components is equal to the 

atmospheric pressure.   

In general, fractional concentration is independent of temperature and pressure so that, for 

example, the proportion of oxygen in the air at the top of Mount Everest is the same as at sea level, 

but the actual mole concentration will decline.  Thus, if ὧ is constant then eqn (1.62) implies that 

 i
K

P

T
j´  (1.65) 

and (1.64) that 

 ie P´  (1.66) 

Although fractional molar concentration is generally used in models and analysis, the true mole 

concentration, •, is arguably more appropriate for describing physiological processes as it defines 

the absolute number of molecules per unit volume.  As an example consider humans breathing 

oxygen.  It is common knowledge that we struggle at high altitudes.  In this case, the fractional 

oxygen concentration is the same as at sea level but the true concentration declines substantially.  

Clearly, our physiology is responding to the true concentration.  One possible reason why fractional 
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concentrations are used in plant physiology relates to the physiology of leaf photosynthesis, which is 

discussed in Chapter 3. 

Now consider the air.  Equation (1.58) gives 

 a a aMr j=  (1.67) 

and for the constituent gases 

 i i iMr j=  (1.68) 

For eqn (1.67) to be applied, it is necessary to derive an expression for the molar mass of air, ὓ .  

This is generally evaluated for dry air and the standard values for the molar mass and fractional 

concentration are given in Table 1.1.  Denoting the molar mass of dry air as ὓ ȟ , this is given by 

 
2 2 2 2 2 2,a dry N N O N Ar ar CO COM M c M c M c M c= + + + =0.02895 kg mol-1 (1.69) 

If water vapour is present, as is usually the case, then ὓ  will be slightly lower than ὓ ȟ , although 

the difference is small (around 1%). 

Table 1.1:  Composition of dry air.  ὓ is the molar mass and ὧ the fractional concentration. 
These values are taken from Monteith and Unsworth (2008), but adjusted so that  

the CO2 fractional concentration is closer to current ambient. 

Gas Nitrogen Oxygen Argon CO2 

ὓ (kg mol-1)   0.02801   0.03200 0.03898 0.04401 

ὧ (%) 78.08 20.95 0.93 0.04 

1.5.1 CO2 concentration  

As mentioned above, atmospheric CO2 concentration is often defined in parts per million, or ppm, 

which refers to volume parts per million, and is equivalent to ‘mol mol-1, which is fractional molar 

concentration, or mole fraction.  Following convention, ὅ will be used to define CO2 concentration in 

units µmol CO2 mol air, or ppm, and the current ambient CO2 is taken to be 

 ὅ σψπ ‘Ƴƻƭ Ƴƻƭ  (1.70) 

Equation (1.62) can be applied to the fractional molar concentration of CO2, ὅ µmol mol, to give 

 
2 610

CO
K

C P

RT
j =  (1.71) 

so that, for example, at normal temperature and pressure, eqn (1.56) 

 ( )
2 , 0.01580CO NTP ambC Cj = = mol CO2 m

-3 (1.72) 

and, taking the molar mass of CO2 to be 0.04401 kg mol-1 in eqn (1.68), the density is 

 ( )
2

3 3
, 2 20.0006953 kg CO  m 0.6953 g CO  mCO NTP ambC Cr - -= =  (1.73) 



PlantMod:  canopy transpiration, temperature, and energy budget 17 

1.5.2 Water vapour  

Atmospheric water vapour content can be defined using the same approach as for CO2 above.  

However, the two most common methods are to use vapour density, ” kg H2O m-3, or vapour 

pressure, Ὡ kPa.  Using eqns (1.67) and (1.68) with (1.59) and (1.60) gives 

 v v
v a

a

M e

M P
r r=  (1.74) 

where subscript ὺ refers to water vapour.  Assuming ὓ  can be represented by ὓ ȟ , eqn (1.69), 

and taking ὓ πȢπρψπς, this becomes 

 0.622 v
v a

e

P
r r=  (1.75) 

It should be noted that in some texts the analysis leading to eqns (1.74) and (1.75) uses the density 

and pressure for dry air and then combines that with the water vapour, rather than the present 

approach which considers the total air composition including water vapour.  This leads to a similar 

expression, but with the term ὖ Ὡ in the denominator which is subsequently approximated to ὖ 

(see, for example, Thornley and Johnson (2000) pp 423 and 633).  With the present approach, it is 

necessary to assume that the molar mass of air can be represented by the value for dry air.  In 

practice, any errors are small and eqns (1.74) and (1.75) can be used with confidence. 

As the amount of water vapour in the air increases it eventually reaches saturation.  The saturation 

vapour pressure, Ὡ, is related to temperature and is given by Tetens formula (Campbell and 

Norman, 1998) 

 
17.5

0.611exp
241

v

T
e

T

å õ
¡= æ ö

+ç ÷
kPa (1.76) 

which defines Ὡ in units of kPa, with Ὕ in ᴈ.  The coefficients in (1.76) differ slightly from those 

given by Allen et al. (1998), although the effect on Ὡ is negligible.  Equation (1.76) is illustrated in 

Fig. 1.10. 

 

Figure 1.10:  Saturated vapour pressure, Ὡ, as a function of temperature. 

The vapour density, ”, is often referred to as the absolute humidity, and the ratio of the actual 

vapour density to saturated vapour density is the relative humidity, Ὤ, that is 
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 v v
r

v v

e
h

e

r

r
= =
¡ ¡

 (1.77) 

where the prime denotes saturation and eqn (1.74) has been used to convert between pressure and 

density.  Relative humidity cannot exceed unity and is often expressed as a percentage. 

Vapour pressure deficit is widely used and is the difference between the saturated and actual 

vapour pressure, that is 

 v v ve e e¡D = - (1.78) 

which, using eqn (1.77), may be written 

 ( )1v v re e h¡D = -  (1.79) 

Relative humidity is a simple unit to work with and has appeal.  However, it has limitations in terms 

of defining plant and canopy processes since for a given amount of water in the atmosphere it will 

vary substantially in response to temperature.  To illustrate this point, Fig. 1.11 (left) shows the 

relative humidity as a function of temperature with Ὡ πȢφὩ Ὕ ςπᴈ so that the relative 

humidity at 20°C is 60%.  It is quite clear that the relative humidity will vary substantially for a fixed 

amount of atmospheric water vapour.  The corresponding vapour pressure deficit is shown in Fig. 

1.11 (right) which demonstrates that the driving force for transpiration and evaporation, the vapour 

pressure deficit, will vary in response to temperature for a fixed vapour pressure.  Equation (1.79) 

should be used with caution and (1.78) is preferable.  In PlantMod, if relative humidity is prescribed, 

it will be for a specified temperature. 

  

Figure 1.11:  Left:  relative humidity, Ὤ (%), as a function of temperature for vapour pressure 

corresponding to 60% saturation at 20°C.  Thus, Ὤ = 60% at 20°C in this illustration.  

Right:  the corresponding vapour pressure deficit. 

1.6 Stomatal conductance and resistance  

The standard approach for modelling transpiration, that is the flux of water, or photosynthesis which 

is the flux of CO2, across the leaf stomata ǳǎŜǎ ǘƘŜ ǇǊƻŎŜǎǎ ƻŦ ŘƛŦŦǳǎƛƻƴΣ ŀǎ ŘŜǎŎǊƛōŜŘ ōȅ CƛŎƪΩǎ ƭŀǿΦ  

This has received considerable attention in the literature ς see, for example, Jones (1992), Campbell 

and Norman (1998), Monteith and Unsworth (2008).  In its basic form as applied in plant physiology, 

the flux of water vapour or CO2 is defined by 

 F Gj= D (1.80) 
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where Ὂ (mol m-2 s-1) is the flux density, Ὃ (m s-1) the conductance, and Ў• (mol m-3) the 

concentration difference.  Note that density (kg m-3) can be used instead of concentration and, in 

this case, the flux density will have units kg m-2 s-1.  Ὃ rather than Ὣ is used for conductance since Ὣ 

is used later for commonly used units for stomatal conductance which are considered below and in 

the following sections dealing specifically with the flux of CO2 and water vapour.  The units m s-1 for 

conductance are referred to here as standard units. 

Resistance can also be used instead of conductance, where the resistance ὶ, s m-1 is 

 
1

r
G
=  (1.81) 

which is the reciprocal of conductance.  For pathways in series, such as the movement of water 

vapour across the stomata and then from the leaf surface to the bulk air stream, resistances are 

additive, whereas for pathways in parallel, conductances are additive.  Thus, for two pathways in 

series or parallel: 

 series: 1 2r r r= +; 
1 2

1 1 1

G G G
= +  (1.82) 

 parallel: 
1 2

1 1 1

r r r
= + ; 1 2G G G= +  (1.83) 

These equations can be extended to any number of pathways in an obvious manner. 

When considering the flux density of CO2 for photosynthesis and respiration, or water vapour for 

transpiration, if concentration units are used then eqn (1.80) applies directly.  Thus, for CO2, the flux 

density across the stomata and into the leaf, Ὂ , mol CO2 m
-2 s-1, is  

 ( )2 2 2 2, ,CO CO CO a CO lF G j j= -  (1.84) 

where subscripts ὥ and ὰ refer to the bulk air and internal leaf respectively.  The corresponding 

equation for water vapour is 

 ( ), ,v v v l v aF G j j= -  (1.85) 

although this is now a flux density from within the leaf to the bulk air.  It must be noted in these 

equations that the mole concentrations in either the leaf interior or bulk air will depend on 

atmospheric pressure and local temperature through eqn (1.62). 

Equations (1.84) and (1.85) are the basic equations describing the diffusion of CO2 and water vapour 

between the leaf and the atmosphere, and are defined in terms of mole concentration, mol m-3.  

However, fractional concentration for CO2, as discussed above in Section 1.6.1, is often used, with 

units of either mol CO2 (mol air)-1 or, more commonly, µmol CO2 (mol air)-1 which is ppm.  Similarly, 

for water vapour, fractional vapour pressure is often used (Section 1.6.2), which is the ratio of the 

vapour pressure to atmospheric pressure.  While these units have some attractive features, the 

benefit of using concentration units (mol m-3) is that the standard physics of diffusion, dating back to 

CƛŎƪΩǎ ǿƻǊƪ ƛƴ ǘƘŜ мфth century, can be applied directly.  Two results in particular are of importance, 

which relate the conductance for different gases and the influence of atmospheric conditions.  These 

are considered in turn. 

For molecular diffusion of a gas through the stomata, the actual conductance depends on the 

molecular diffusivity of the gases which, in turn, is related to their molar masses.  According to 
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DǊŀƘŀƳΩǎ ƭŀǿΣ ǘƘŜ Ǌŀǘƛƻ ƻŦ ǘƘŜ ŘƛŦŦǳǎƛǾƛǘȅ ƻŦ ǘǿƻ ƎŀǎŜǎ ƛǎ ǇǊƻǇƻǊǘƛƻƴŀƭ ǘƻ ǘƘŜ ƛƴǾŜǊǎŜ ƻŦ ǘƘŜ ǎǉǳŀǊŜ 

root of their molar masses.  Thus, for water vapour and CO2 this is ττȾρψ ρȢφ, so that the 

conductances for water vapour and CO2 diffusion through the stomata are related by 

 
2

1.6v COG G=  (1.86) 

It must be emphasised that this equation only applies to molecular diffusion.  For turbulent transfer 

the conductances are approximately equal.  When defining stomatal conductance, it is therefore 

essential to state whether it refers to water vapour or CO2.  Equation (1.86) gives a direct conversion 

between the two. 

The influence of the atmospheric conditions can be incorporated by considering diffusion through a 

narrow pore.  The details are not presented here but, according to Jones (1992, p 51), 
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where the subscript π refers to a reference temperature and pressure, taken here to be NTP, eqn 

(1.56).  According to this equation, the stomatal conductance increases in response to an increase in 

temperature or a decrease in atmospheric pressure.  It should be noted that eqn (1.87) only includes 

the influence of temperature and pressure on the actual movement of the gas and so does not 

account for any influence on stomatal aperture.  

1.6.1 Flux of CO2 

Although there is no direct consideration of the influence of stomatal conductance on 

photosynthesis in PlantMod, the common approach for describing this in relation to fractional CO2 

concentration is briefly considered.   

Equation (1.84) defines the flux of CO2 from the bulk air to the interior of the leaf in terms of mole 

CO2 concentrations.  However, fractional mole concentration, eqn (1.61), is frequently used to define 

the atmospheric CO2.  Using eqn (1.62) in (1.84) gives 
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where subscript ὧ and ὧ, mol CO2 (mol air)-1, are the fractional CO2 concentrations in the 

substomatal cavity and the bulk air stream respectively, and Ὕȟ and Ὕȟ, K, are the leaf and air 

temperatures respectively.  The fractional concentrations will not vary in response to temperature 

and pressure and, for relatively small temperature differences between the leaf and air it is 

reasonable to use air temperature.  For example, if the air temperature increases from 15 to 20°C, 

which is 288 to 293 K, the change in ρὝϳ  is 1.7%.  Equation (1.88) can therefore be approximated as 

 ( )
2 2CO CO a lF g c c= -  (1.89) 

where 
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,
CO CO
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P
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RT
=   mol m-2 s-1 (1.90) 

so that Ὣ  has the same units as Ὂ in eqn (1.88).  The standard conversion is to use normal 

temperature and pressure, eqn (1.56), to give 
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 ( ) ( )2 2

2 1 1mol m  s 41.6 m sCO COg G- - -=  (1.91) 

although eqn (1.90) is simple to use for other conditions.  Now consider the influence of 

temperature and pressure on Ὣ .  Combining eqns (1.87) and (1.90) it is readily shown that 
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 (1.92) 

where Ὣȟ  is the value of Ὣ  at NTP.  Note that the derivation of this equation leads to the 

exponent 0.75 even though the exponent in eqn (1.87) is 1.75. 

Comparing eqns (1.87) and (1.92) it can be seen that with the concentration difference that drives 

diffusion defined in mol m-3 units, the conductance is dependent on pressure and temperature, 

whereas with fractional concentration the conductance only depends on temperature.  However, 

due to the influence of temperature and pressure on mole concentration, the resulting equations 

using either set of units are equivalent.  It should be noted that for practical temperature ranges, the 

direct influence of temperature on the diffusion of CO2 or water vapour is small:  for example, 

increasing the temperature from 10 to 30°C in eqn (1.92) results in a 5% increase in Ὣ . 

1.6.2 Flux of water vapour  

In the treatment of transpiration, it is common to use either vapour density, vapour pressure or 

fractional vapour pressures to define the flux of water vapour.   

With vapour density, eqn (1.58) can be used in (1.85) to give 

 ( )*
, ,v v l v aF G r r= -  (1.93) 

where, again subscript ὺ refers to water vapour, ὰ and ὥ are the leaf and air respectively, and now 

the flux density Ὂᶻ has units kg water m-2 s-1. 

With vapour pressure, using eqn (1.60) in (1.85) gives 

 , ,

, ,

1 v l v a
v v

K l K a

e e
F G

R T T

å õ
= -æ öæ ö

ç ÷

 (1.94) 

As for the treatment of CO2 in the previous section, it is reasonable to use air temperature in this 

equation and write it as 
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where, analogous to eqn (1.90), the conductance is now given by 

 
,

v v
K a

P
g G

RT
=   mol m-2 s-1 (1.96) 

and the conversion factor 41.6 in eqn (1.91) again applies.  The influence of temperature on Ὣ, 

corresponding to eqn (1.92), is 
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PlantMod:  canopy transpiration, temperature, and energy budget 22 

where Ὣȟ is the value of Ὣ at NTP. 

Note that, from eqns (1.90) and (1.96), the factor 1.6 in eqn (1.86) still applies, so that  

 
2

1.6v COg g=  (1.98) 

An interesting application of the theory is to consider the effect of atmospheric pressure on 

transpiration.  It is generally observed that transpiration increases in response to a decrease in 

atmospheric pressure (Gale, 2004;  Bruce Bugbee, pers. comm.) but, as mentioned earlier, the 

fractional partial pressure, or fractional concentration, of water vapour (Ὡ ὖϳ ) is relatively 

insensitive to atmospheric pressure, assuming the proportion of water vapour in the air is unaltered, 

eqn (1.66).  As will be discussed in Chapter 5, the water vapour in the substomatal cavity is, to a very 

close approximation, saturated for leaves even when there is a degree of water stress.  Thus, taking 

the vapour pressure within the leaf to be at saturation, (1.95) can be written 
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Now, saturated vapour pressure is independent of atmospheric pressure so that decreasing ὖ results 

in an increase in the first term in the brackets in this equation, while the second term is relatively 

unaffected.  Thus, the term in brackets increases as ὖ declines so that, even though Ὣ, which is 

given by eqn (1.97), is independent of ὖ, the overall response is for Ὂ to increase as ὖ declines.  

Note that the same result can, of course, be derived using the water vapour flux equation in terms of 

mole concentration of vapour, using eqn (1.85).  The influence of atmospheric pressure on canopy 

transpiration is illustrated in Chapter 5 when transpiration is considered in more detail. 

1.6.3 Which units to use?  

The analysis presented here considers the standard physics units of m s-1 for stomatal conductance 

as well as the units of mol m-2 s-1 which are widely used, although not universally, in plant 

physiology.  Which are preferable?   

With m s-1 conductance is interpreted as the mean speed at which the gas moves.  Resistance, which 

is the inverse of conductance and has units s m-1, is the time taken to move a unit distance.  Both of 

these interpretations are quite simple concepts to grasp.  The added advantage of using these units 

is that the basic physics of diffusion, which was developed over 150 years ago, can be applied with 

confidence.  The disadvantage is that the units for CO2 or water vapour concentration, mol m-3 are 

less familiar to work with than ppm or fractional vapour pressure.  Also, these quantities vary in 

response to temperature and pressure, although in practice the temperature response is small.. 

With mol m-2 s-1, conductance has the same units as flux density and is interpreted as the change in 

flux density per unit change in fractional concentration difference for CO2, or fractional vapour 

pressure for water vapour.  If resistance is used, which is the reciprocal of conductance and has units 

m2 s mol-1, it is more difficult to ascribe a simple interpretation.  The advantage of these units is that 

atmospheric CO2 content is defined in fractional units ς that is ppm ς that are widely used and with 

which people are familiar.  By using fractional vapour pressure, transpiration is then defined 

analogously to photosynthesis.  The considerable advantage of using fractional concentration or 

pressure is that these quantities are independent of temperature and pressure. 

It seems appropriate, therefore, to regard the standard units for conductance, along with true mole 

concentration for gases and water vapour, as the more fundamental approach to the treatment of 

diffusion of either CO2 or water vapour across stomata.  On the other hand, the use of fractional 
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concentration and pressure, in which case conductance is expressed as mol m-2 s-1 can be regarded 

as a derived framework that has its own advantages.  In either case, the influence of temperature 

and pressure as described in the previous sections can be applied. 

Stomatal conductance is only used in PlantMod for water vapour and, in keeping with current 

trends, fractional concentrations for CO2 and water vapour will be used in the analysis, so that 

stomatal conductance has units mol m-2 s-1.  In the PlantMod program conductances can be 

displayed in either set of units.  An appreciation of the traditional physics of diffusion will definitely 

be of benefit in the study of photosynthesis and transpiration.   

1.6.4 Environmental effects on stomatal conductance  

The analysis presented here has considered the effect of atmospheric pressure and temperature on 

stomatal conductance through the influence on the actual process of diffusion.  However, responses 

to environment are also observed that are a direct result of climatic conditions on stomatal 

aperture.  The symbol Ὣ is used for stomatal conductance which can refer to the conductance for 

either CO2 or water vapour. 

A concise discussion is given by Thornley and France (2007, p. 378) and, as discussed in that text, 

there is no clear method for incorporating the influence of environmental factors on Ὣ.  Various 

empirical approaches have been proposed relating Ὣ to vapour deficit or relative humidity, 

atmospheric CO2 concentration and either net photosynthesis or light intensity.  There are 

challenges when working with net photosynthesis which can lead to circularity in the model ς is 

photosynthesis affected by or affecting stomatal conductance, and vice versa.  Some authors (for 

example, Blonquist Jr, et al., 2009) have used such an approach successfully, although Bunce (2000) 

compared various approaches with mixed results.   

A simple approach is used here which captures the general behaviour of models that are used, with 

Ὣ being defined by 

 ( ) () () (), , , ,, ,
rs r s ref g J g h r g Cg J h C g f J f h f C=  (1.100) 

where the Ὢ functions define the response of Ὣ to irradiance , ὐ (J m-2 s-1) (Chapter 2), relative 

humidity, Ὤ (fraction) (Section 1.5.2 above), and atmospheric CO2 concentration, ὅ (µmol mol-1) 

(Section 1.5.1 above), and Ὣȟ  is a reference value for Ὣ so that, at the reference values ὐ , 

Ὤȟ , ὅ , 

 ( ) ( ) ( ), , , , 1
rg J ref g h r ref g C reff J f h f C= = = (1.101) 

The irradiance function is 
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where ὑ, (J m-2 s-1) is a curvature parameter.  This is a rectangular hyperbola, written so that it takes 

the value unity at ὐ ὐ  as required, and increases from zero to an asymptote as ὐ increases.  The 

default parameter values are 
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The relative humidity function is 
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 (1.104) 

which is a simple function that takes the value Ὢȟ ȟ  when Ὤ π, increases to 1 when 

Ὤ Ὤȟ , and is proportional to Ὤ as Ὤ increases.  A non-zero value as Ὤ approaches zero is 

required to allow the stomata to remain open in very dry air.  In order to ensure that the slope of 

this curve is continuous at Ὤ Ὤȟ , the exponent ή  is given by 
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The default parameter values are  
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so that at zero relative humidity stomatal conductance is reduced to 60% of its maximum value at 

the reference relative humidity of 50%.  Note that, with this value for Ὢȟ ȟ ,  

 2.5
rhq =  (1.107) 

Finally, the CO2 function is  

 () ( )
( ), , , , ,1

max ,300
amb

g C g C mn g C mn

C
f C f f

C
= + -  (1.108) 

which takes the minimum value Ὢȟȟ  at high ὅ.  According to this function, Ὢȟ declines as ὅ 

increases.  The restriction that it does not change for ὅ less than 300 µmol mol-1 is to prevent 

unrealistic responses at very low ὅ, since ρὅϳ ᴼЊ as ὅᴼπ.  If studies require lower ὅ than 300 

then eqn (1.108) may have to be modified.  The default value for Ὢȟȟ  is  

 , , 0.2g C mnf =  (1.109) 

which means that stomatal conductance will fall to 20% of its value at ambient CO2 as the CO2 

concentration gets very large.  ὅ  is taken to be 380 µmol mol-1 (eqn (1.70)).  It should be noted 

that at extreme CO2 concentrations of the order 10,000 µmol mol-1, stomatal conductance can 

actually increase (Mackowiak et al., 1992).  Such situations are not considered here.   

Equations (1.102), (1.104), (1.108) are illustrated in Fig. 1.12 where it can be seen that they all take 

the value unity at the reference conditions.  Stomatal conductance increases in response to 

increases in irradiance and relative humidity, but decreases as CO2 increases.  Note that while 

stomatal conductance increases in proportion to relative humidity, Ὤ, transpiration is also affected 

by Ὤ through its influence on the vapour pressure gradient between the evaporating surface and 

bulk air stream.  Thus, the influence of Ὤ on transpiration is not solely due to the effect on stomatal 

conductance. 
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Figure 1.12:  Stomatal conductance scaling functions for irradiance (left),  

relative humidity (centre), CO2 (right), as given by eqns (1.102), (1.104), (1.108) 

respectively with parameters in eqns (1.103), (1.106), (1.109).   

Note the different scales.  From PlantMod. 

This approach for defining the direct environmental effects on stomatal conductance is similar to 

that proposed by Ball et al (1987) that has been quite widely used, but with some differences: 

¶ The Ball et al equation incorporates photosynthesis rather than irradiance, although Ὣ is 

seen to respond to irradiance ς see for example, Bunce, 2000, but note that Bunce uses a 

negative exponential curve that has very similar behaviour to the rectangular hyperbola 

used in eqn (1.102).   

¶ Ball et al prescribed an explicit minimum value for Ὣ, whereas minimum values for the Ὤ 

and CO2 responses are incorporated separately. 

¶ Their equation has a linear response to relative humidity.  The approach here is quite linear 

in behaviour over practical values of Ὤ, but with a non-zero minimum value at low Ὤ, 

which is consistent with the analysis of Blonquist et al (2009) (Bruce Bugbee, pers. comm.). 

Direct effects of temperature on stomatal conductance are not included, in spite of the fact that the 

theory of diffusion shows as small response to temperature as discussed earlier.  It is assumed that 

the influence of temperature is included in the relative humidity effect, since relative humidity will 

change in response to temperature for a given vapour pressure (see Section 1.5.2).   

The present analysis provides a flexible and relatively simple way of incorporating environmental 

effects directly into the description of stomatal conductance.  However, it should be noted that this 

is an empirical approach and does account for the possible mechanisms that may be causing these 

responses.  It must be emphasised that these responses relate to the physiological influence of the 

environment on stomatal aperture and not on the actual process of diffusion. 

1.7 Final comments  

The theory described in this Chapter covers the mathematical concepts of the background topics 

that are required for the theory of canopy photosynthesis and energy balance, including canopy 

transpiration and temperature, as described in the subsequent Chapters.  Many of the topics 

presented in this Chapter are discussed in detail in Thornley and Johnson (2000) and Thornley and 

France (2007).  These texts also cover a wide range of models and modelling approaches in plant and 

crop physiology, and agricultural simulation modelling in general. 
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2 Radiation  

2.1 Introduction  

Radiation plays a crucial role in plant and crop physiological processes.  The visible component of 

solar, or shortwave, radiation is the fundamental energy source for photosynthesis.  The longwave 

radiation that is emitted by terrestrial bodies as well as the atmosphere, combined with solar 

radiation, is the key energy driver for the evaporation of water.  A background to the basic principles 

relating to radiation components is now presented, but for a more complete discussion see, for 

example, Jones (1992), Campbell and Norman (1998), Monteith and Unsworth (2008). 

In this Chapter, a background to the basic physics of radiation is presented, followed by the analysis 

that is required for canopy photosynthesis and energy balance, which includes the calculations of 

canopy transpiration and temperature in response to environmental conditions.  Some of the 

symbols in the early sections are used with different definitions later for the canopy calculations.  

Symbols and their definitions are presented in Tables 2.1 and 2.2 at the end of the Chapter. 

2.2 Black body radiation  

The energy level distribution from a body is a function of its temperature, its wavelength and surface 

properties.  If the surface properties are such that there is no reduction in energy emitted due to 

those surface properties, then that body is referred to as a black bodyΦ  tƭŀƴŎƪΩǎ ƭŀǿΣ ǇǳōƭƛǎƘŜŘ ƛƴ 

1900, is derived from quantum mechanics, and states that 
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 (2.1) 

where Ὅ‗ȟὝ  is the spectral emittance, W m-2 (m wavelength)-1 (sometimes written as W m-3), 

which is the energy per unit surface area per unit wavelength of the emitting body as a function of 

its temperature Ὕ (K) (the subscript ὑ is used to differentiate from °C), and wavelength ‗ (m) of the 

emitted radiation.  Ὤ φȢφςφρπ  W ǎ ƛǎ tƭŀƴŎƪΩǎ ŎƻƴǎǘŀƴǘΤ  ὧ ςȢωωψρπ m s-1 is the speed 

of light;  and Ὧ ρȢσψπχρπ  J K-1 is the Boltzmann constant.  Ὅ‗ȟὝ is illustrated in Fig. 2.1 for 

Ὕ φπππ K, which approximates to the external surface of the sun, and Ὕ σππ K (equivalent to 

27°C) which is representative of temperatures on earth.  The scales of these graphs are different 

since the energy emitted by the sun is much greater than that from the surface of the earth.  The 

ultraviolet, photosynthetically active (see below) and infrared components of the solar radiation are 

also indicated.  It can be seen that Ὅ‗ȟὝ  peaks at a shorter wavelength for the higher 

ǘŜƳǇŜǊŀǘǳǊŜΣ ŀƴŘ ²ŜƛƴΩǎ ƭŀǿ Ŏŀƴ ōŜ ŘŜǊƛǾŜŘ ǿƘƛŎƘ ǎǘŀǘŜǎ ǘƘŀǘ ǘƘŜ ǇŜŀƪ ǿŀǾŜƭŜƴƎǘƘ ƛǎ  

 62897
10m

KT
l -= ³ m (2.2) 

so that ‗ Ὕ φππππȢτψπ µm and ‗ Ὕ σππ ωȢυωχ µm, which means that the peak 

energy emitted by terrestrial bodies has a much longer wavelength than for the sun ς hence the 

terms shortwave and longwave.  The longwave radiation is sometimes referred to as terrestrial or 

far-infrared radiation. 
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Figure 2.1:  Spectral distribution of radiation emitted from black bodies for Ὕ φπππ K 

(left) and Ὕ σππ K (right), which correspond roughly to the surface of the sun and 

earth respectively, as a function of wavelength.  The red line is shortwave, or solar, 

radiation, and the green line is longwave, or terrestrial, radiation.  Also indicated for the 

shortwave radiation are the ultraviolet (UV), photosynthetically active radiation (PAR) 

and near-infrared (IR).  The longwave radiation is also known as far-infrared. The 

components of radiation are discussed in the text.  Note the scale for the shortwave 

radiation axis (left) is 106 times that on the right, which highlights the much greater 

energy emission by the sun. 

The total energy emitted at a particular temperature is the integral of Ὅ‗ȟὝ  for all wavelengths, 

which is the area under the curve shown in Fig. 2.1.  This can be derived from eqn (2.1) and is known 

as the Stefan-Boltzmann equation, which (for a black body) is 

 4
KE Ts=  (2.3) 

with units W m-2, where „ υȢφχπρπ  W m-2 K-4 is the Stefan-Boltzmann constant.  Thus, 

ὉὝ φπππχȢσυρπ W m-2 ḳχσȢυ MW m-2 and ὉὝ σππ τυω W m-2, demonstrating 

the greater energy emitted per unit area of the sun compared with the earth. 

Of the radiation emitted by the sun about half of it is visible and this is the middle part of the 

frequency distribution, ranging from around 0.4 µm (blue light) to 0.7 µm (red light).  Ultraviolet 

(UV) radiation is the component from below 0.4 µm, while the infrared (IR) component is the range 

0.7 to 3 µm.  These values, which are indicated in Fig. 2.1, are not exact since there is no sharp 

transition between the different components.  The visible component of radiation is also known as 

photosynthetically active radiation (PAR) as this is the component of radiation that provides the 

energy for photosynthesis ς this is discussed below.  The wavelength of the radiation emitted by 

terrestrial bodies covers the range from about 3 to 100 µm, which is much greater than that for the 

sun, and hence is referred to as longwave, or far-IR, radiation. 
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2.3 Non-black body and gray body radiation  

In practice, most terrestrial bodies do not behave like perfect black bodies and eqn (2.3) is modified 

to give 

 4
KE Tes=  (2.4) 

where ‐ȟπ ‐ ρȟ (dimensionless) is the emissivity.  Equation (2.4) applies to bodies where the 

emissivity is independent of wavelength.  Black bodies therefore have an emissivity of 1 and bodies 

with ‐ ρ are referred to as gray bodies.  For most natural surfaces (including snow) ‐ lies between 

0.95 and 1.  Although it is reasonable to use the value 1, it is assumed that  

 0.97e=  (2.5) 

for calculation in PlantMod 

2.4 Radiation energy for photosynthesis:  PAR and PPF  

As mentioned earlier, the visible component of the radiation emitted by the sun, which is in the 

range 0.4 to 0.7 µm (or 400 to 700 nm), provides the energy for photosynthesis.  This is referred to 

as photosynthetically active radiation, or PAR, and is commonly assumed to be around half the total 

solar radiation.  However, the precise fraction depends on climatic factors such as cloud cover and 

solar elevation.  From the Clear Sky Calculator (www.clearskycalculator.com), it can be seen that a 

more accurate conversion is for PAR to be 45% of the total solar radiation.  This fraction is not fixed, 

but increases when humidity increases and can reach close to 50%.  The units for describing PAR are 

W m-2 ḳ J m-2 s-1. 

For photosynthesis studies, the energy is generally expressed as the molar flux of photons between 

0.4 to 0.7 µm, and is referred to as photosynthetic photon flux, or PPF.  The term PPF will be used 

throughout PlantMod for the definition of the energy source for photosynthesis.   

There is no precise conversion between PAR and PPF that can be applied for all atmospheric 

conditions since, as discussed above, the energy of the radiation depends on the wavelength and so 

depends on the spectral composition of the light.  A reasonable value, using the Clear Sky Calculator 

and based on summer conditions at Logan, Ut, (Bruce Bugbee, pers. comm., 

www.clearskycalculator.com) is 

 1 µmol photons PAR ḙ 0.218 J PAR. (2.6) 

Finally, note that the term photon flux density, or PFD, is sometimes used, but this is now 

discouraged in the literature.  LΩƳ ƎǊŀǘŜŦǳƭ ǘƻ tǊƻŦŜǎǎƻǊ .ǊǳŎŜ .ǳƎōŜŜ ŦƻǊ ŎƭŀǊƛŦȅƛƴƎ ǘƘŜǎŜ ŘŜŦƛƴƛǘƛƻƴǎΦ 

2.5 Radiation units and terminology  

In the theory presented above, both J m-2 s-1 (equivalent to W m-2) and ‘mol photons m-2 s-1 have 

been used for radiation energy.  In the physics literature, J m-2 s-1 (W m-2) is almost universally used, 

while in photosynthesis studies the recent trend has been towards ‘mol photons m-2 s-1.  In 

PlantMod, both sets of units will be used, although this should not cause confusion.  For discussions 

of photosynthesis, the convention for using ‘mol photons m-2 s-1 (PPF) is followed, but for energy 

dynamics and evaporation, J m-2 s-1 units are preferred, and this is referred to as irradiance which is 

the total solar radiation and not just the photosynthetically active component.  The choice of J m-2 s-1 

rather than W m-2, which are equivalent, is because daily radiation values are also used which have 

units J m-2 d-1. 

http://www.clearskycalculator.com/
http://www.clearskycalculator.com/
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2.6 Canopy light interception and attenuation  

In order to model canopy photosynthesis in response to environmental factors, it is necessary to 

develop models of light interception and attenuation through the depth of the canopy.  The canopy 

photosynthetic rate is then calculated in terms of the photosynthetic response to PPF of the leaves 

within the canopy and the variation of PPF through the depth of the canopy.  The approach taken 

here is to look at the mean PPF through the canopy as well as the components of direct and diffuse 

sunlight.  In doing so, the PPF components within the canopy and those that are actually incident on 

the leaf surfaces are considered.  This component of the theory deals with the PPF with units ‘mol 

photons m-2, where the area unit can refer either to ground or the leaf.  The model for light 

interception and attenuation can be explored in PlantMod and so only a few illustrations are 

presented here. 

2.6.1 Mean PPF 

First consider the mean PPF within the canopy.  In overcast conditions, there will be little variation in 

the PPF in the horizontal plane and so this approach is applicable without modification.  However, 

for clear skies with strong sunflecks in the canopy, there will be considerable horizontal variation in 

the PPF.  The following theory still applies to these situations but it has to be extended to identify 

the direct and diffuse components of PPF. 

As light is intercepted and absorbed by leaves within the canopy, the PPF declines, as described by 

Beer's law: 

 () e0
kI I -=  (2.7) 

where Ὅ is the PPF incident on the canopy and Ὧ is the canopy extinction coefficient.  A derivation of 

this equation is given in Thornley and Johnson (2000, Chapter 8).  Note that since Љ has dimensions 

(m2leaf) (m-2 ground) it follows that Ὧ has dimensions (m2 ground) (m-2 leaf), and hence eqn (2.2) is 

dimensionally consistent.  However, for most purposes it is sufficient to regard Ὧ as dimensionless.  

The PPF through the canopy as described by eqn (2.7) is illustrated in Fig. 2.2 for Ὧ πȢυ which is 

typical of cereals and grasses, and Ὧ πȢψ which is appropriate for canopies with more horizontally 

inclined leaves.   

 

Figure 2.2:  Mean PPF as a function of cumulative leaf area index through the canopy, as 

given by eqn (2.7) for Ὧ πȢυ (solid) and Ὧ πȢψ (dash), and with the PPF incident on 

the canopy given by Ὅ ρπππ µmol m-2 s-1.  From PlantMod. 
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The default value 

 0.5k=  (2.8) 

is used in PlantMod. 

A simple interpretation of the extinction coefficient, Ὧ, is the cosine of the angle between the leaves 

and the horizontal plane.  Thus, for perfectly horizontal leaves Ὧ  cos(0) = 1.   

Equation (2.7) defines the PPF per unit horizontal (or ground) area, but the PPF per unit leaf area is 

required in order to calculate the rate of photosynthesis of the leaves in the canopy.  This is given by  

 () ()I kI=  (2.9) 

where the factor Ὧ projects the leaf area index onto the horizontal plane ς for a derivation, see 

Thornley and Johnson (2000, p. 203) 

2.6.2 Direct and diffuse PPF  

The theory is now developed to identify the direct and diffuse components of PPF within the canopy.  

This approach is based on the early work of Norman (1980, 1982) as well as that by Campbell (1977) 

and Stockle and Campbell (1985).  This treatment of direct and diffuse PPF is widely used and the 

analysis presented here closely follows Johnson et al. (1995) and has been applied, for example, by 

Thornley (2002).   

Using subscripts ί and Ὠ to denote the direct solar beam and diffuse PPF respectively, above the 

canopy, the PPF is  

 0 0, 0,s dI I I= +  (2.10) 

Within the canopy at leaf area index Љ it is 

 s dI I I= +  (2.11) 

and the corresponding PPF incident on the leaf surfaces is 

 , ,s dI I I= +  (2.12) 

It is assumed that the direct and diffuse components of Ὅ decline through the depth of the canopy 

according to eqn (2.7).  Defining Ὢ as the fraction of total radiation that is direct, so that 

 0, 0s sI f I=  (2.13) 

it therefore follows that 

 e0
k

s sI f I -=  (2.14) 

and 

 ( )e01 k
d sI f I -= -  (2.15) 

To calculate the incident PPF on the leaves, it is necessary to evaluate the components of leaf area 

index which are in direct sunlight and diffuse PPF, denoted by Љ and Љ respectively.  Љ is obtained 

by noting that the reduction in the direct beam is intercepted by Љ , so that 

 ( )e0, 0, 1 k
s s sk I I -= -  (2.16) 
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from which 

 
e1 k

s
k

--
=  (2.17) 

The factor Ὧ on the left hand side of eqn (2.16) is required as this projects the leaf area index, Љ, 

onto the horizontal plane.  The remainder of the leaves are in diffuse PPF and have leaf area index 

 d s= -  (2.18) 

The incident PPF on Љ is, applying eqns (2.9) and (2.15) 

 
( )e

,

0 1

d d

k
s

I kI

kI f -

=

= -
 (2.19) 

The PPF incident on Љ is the combination of the diffuse component and the direct solar beam, as 

given by 

 
( )e

, 0, ,

0 1

s s d

k
s s

I kI I

kI f f -

= +

è ø= + -
ê ú

 (2.20) 

Note that Norman (1982) relates the extinction coefficient, k to solar elevation.  While this is a good 

objective for detailed study of light interception in canopies, difficulties arise when looking at mean 

values over the day (for further discussion, see Johnson et al., 1995).  In PlantMod, one value for the 

extinction coefficient for both direct and diffuse PPF is used and it is assumed to be constant.   

The mean PPF, Ὅ, direct and diffuse components, Ὅ, Ὅ, and PPF incident on leaves in direct and 

diffuse light, Ὅȟ, Ὅȟ, are shown in Fig. 2.3. 

 

Figure 2.3:  The mean PPF, Ὅ, direct and diffuse components, Ὅ, Ὅ, and PPF incident  

on leaves in direct and diffuse light, Ὅȟ, Ὅȟ, with Ὧ πȢυ.  From PlantMod. 

The theory presented here provides a complete description of the attenuation and interception of 

the direct and diffuse PPF components through the canopy.  It is necessary to define the canopy light 

extinction coefficient, Ὧ, the PPF on the canopy, Ὅ, and the fraction of Ὅ that is from the direct solar 

beam, Ὢ.  In practice, the extinction coefficient may vary from around 0.5 for cereals and grasses to 

0.8 for species with more horizontally inclined leaves such as clover.  For skies where the sun is not 

obscured by cloud, Ὢ may be typically around 0.7, although this can depend on atmospheric 

composition.   
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There are some simplifying assumptions in this approach, as discussed by Thornley and France 

(2007).  The main simplifications are that the leaves are assumed to be randomly distributed (see 

Thornley and Johnson, 2000, for a discussion on leaf distribution), and variation in the direction of 

the direct solar beam throughout the day is not included.  Also, light reflection and transmission 

through the leaves has not been incorporated directly, although in photosynthesis studies, the rate 

of leaf photosynthesis is generally calculated in terms of incident light and not absorbed light.  By 

working with eqn (2.7) ŘƛǊŜŎǘƭȅ ό.ŜŜǊΩǎ ƭŀǿύΣ ƛǘ ƛǎ ǊŜŀǎƻƴŀōƭŜ ǘƻ ŀǎǎǳƳŜ ǘƘŀt the reflected and 

transmitted components are incorporated implicitly.  While the analysis is relatively simple, this level 

of complexity is widely used in crop and pasture studies for the calculation of canopy 

photosynthesis, which is considered in Chapter 4. 

2.6.3 Ground cover  

In the analysis for the canopy energy balance the fractional ground cover is required.  According to 

eqn (2.7), the solar radiation that is transmitted through the canopy is  

 0
kL

tI I e-=  (2.21) 

Defining the fractional ground cover, Ὢ, as the proportion of solar radiation that is not transmitted, 

it follows that 

 1 kL
gf e-= -  (2.22) 

This simple expression will be used in the analysis for the canopy radiation balance. 

2.7 Clear-sky solar radiation and daylength  

In the treatment of canopy transpiration, temperature and energy balance, it is necessary to 

estimate the clear-sky daily solar radiation, Ὑȟ, MJ m-2 day.  The theory presented here follows 

Campbell (1977) and Thornley and France (2007). 

Three standard Ŝǉǳŀǘƛƻƴǎ ǊŜƭŀǘƛƴƎ ǘƻ ǘƘŜ ƎŜƻƳŜǘǊȅ ƻŦ ǘƘŜ ŜŀǊǘƘΩǎ Ǌƻǘŀǘƛƻƴ ŀƴŘ ƛǘǎ ƻǊōƛǘ ŀǊƻǳƴŘ ǘƘŜ 

sun are first presented without derivation.  These are the solar declination angle, ‏ (rad), which is 

ǘƘŜ ŀƴƎƭŜ ōŜǘǿŜŜƴ ǘƘŜ ŜŀǊǘƘΩǎ ŜǉǳŀǘƻǊƛŀƭ ǇƭŀƴŜ ŀƴŘ ǘƘŜ ƭƛƴŜ ŦǊƻƳ ǘƘŜ earth to the sun, and accounts 

ŦƻǊ ǘƘŜ ǘƛƭǘ ƻŦ ǘƘŜ ŜŀǊǘƘΩǎ ŀȄƛǎ ǊŜƭŀǘƛǾŜ ǘƻ ǘƘŜ ǎǳƴΤ  ǘƘŜ ǎƻƭŀǊ ŜƭŜǾŀǘƛƻƴ ŀƴƎƭŜ ŀǘ ƭƻŎŀƭ ƴƻƻƴΣ ‰ (rad);   

and the daylength, Ὢ, as a fraction of the 24 hour period.  If ὸ is the day of year from 1 January, ‗ 

(rad) the latitude, then 

 
81

23.45sin 2
180 365

tp
d p

-å õ
= æ ö

ç ÷
 (2.23) 

 ( )1sin sin sin cos cosf l d l d-= +  (2.24) 

 ( )11
cos tan tandayf l d
p

-= -  (2.25) 

and the number of daylight hours per day is 

 24day dayh f= ³  (2.26) 

If ‗ is prescribed in degrees then, using obvious notation, 

 
180

deg

p
l l=  (2.27) 
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To convert ‏ and ‰ to degrees, multiply by ρψπ“ϳ .  Also note that latitudes in the northern 

hemisphere are positive while they are negative in the southern hemisphere. 

and Ὤ ‰ ,‏  are illustrated in Fig. 2.4 for elevations of 0 (the equator), 20, 40, 60°.  It can be seen 

that the solar declination is positive in summer, negative in winter and zero at the spring and 

autumn equinoxes (which are around 21 March and 22 Sept).  For latitudes outside locations 

between the tropic of Cancer and Capricorn, which are  23.4° respectively, the solar elevation 

angle at local noon, ‰, is maximum in the middle of summer.  However, at the equator, ‰ is 

maximum at the spring and autumn equinoxes and, moving towards the tropics, the two maxima 

converge.  Finally, the daylength follows a familiar pattern and is seen to be fixed at 12 hours for the 

equator while, for other locations it is, of course, greater in summer, with longer days and shorter 

nights as the latitude increases. 

Turning to irradiance, three sets of variables are used with appropriate subscripts (Ὑ has already 

been defined above).  These are: 

 ὐΣ ƛƴǎǘŀƴǘŀƴŜƻǳǎ ƛǊǊŀŘƛŀƴŎŜ ƻǳǘǎƛŘŜ ǘƘŜ ŜŀǊǘƘΩǎ ŀǘƳƻǎǇƘŜǊŜΥ  ² Ƴ-2 or J m-2 s-1; 

 Ὅ, iƴǎǘŀƴǘŀƴŜƻǳǎ ƛǊǊŀŘƛŀƴŎŜ ŀǘ ǘƘŜ ŜŀǊǘƘΩǎ ǎǳǊŦŀŎŜΥ  ² Ƴ-2 or J m-2 s-1; 

In all cases, irradiance is measured parallel to the horizontal plane at the surface of the earth. 

¢ƘŜ ƛǊǊŀŘƛŀƴŎŜ ƻǳǘǎƛŘŜ ǘƘŜ ŜŀǊǘƘΩǎ ǎǳǊŦŀŎŜ ŀǘ ǎƻƭŀǊ ƴƻƻƴΣ ὐ , is 

 sinnoonJ g f=  (2.28) 

where  

 1367g=  J m-2 s-1 (2.29) 

is the solar constant, and is the irradiance perpendicular to the sun at the edge of the earǘƘΩǎ 

atmosphere.  It is now assumed that the potential, or clear-ǎƪȅΣ ƛǊǊŀŘƛŀƴŎŜ ŀǘ ǘƘŜ ŜŀǊǘƘΩǎ ǎǳǊŦŀŎŜΣ 

Ὅȟ , is given by 

 ,p noon noonI Jt=  (2.30) 

where † is an atmospheric diffusivity coefficient.  While more complex equations have been used 

this approach works well for a range of locations in Australia, as will be seen shortly, and there is no 

obvious reason to suggest other locations will behave much differently.  Comparisons with 

experimental data suggest 

 0.73t=  (2.31) 

is a good default value, although it may be necessary to adjust this parameter for different sites.  

However, this is relatively easy to estimate, as discussed below.  It should be noted that a slightly 

different approach than a fixed constant in eqn (2.30) is used  by Allen et al, (1998) although, as will 

be seen below, the present approach works well.  Ὅȟ  is illustrated in Fig. 2.5 for the latitudes 

used in Fig. 2.4.  It can be seen that the variation in Ὅȟ  is most apparent as the latitude moves 

further from the equator.  It peaks at the equinoxes at the equator and, outside the tropics, it peaks 

in mid-summer, with the range between summer and winter increasing as the distance from the 

equator increases.   
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Figure 2.4:  Solar declination angle, ‏ (°), solar elevation angle at local noon, ‰ (°), 

and the daylength, Ὤ  (hours), as given by eqns (2.23) to (2.26).  The latitude is as 

indicated (‏ is independent of latitude).  Note that in the theory ‏ and ‰ are  

prescribed in radians. 
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Figure 2.5:  Noon potential solar radiation, Ὅȟ , as given by eqn (2.30). 

To calculate the potential daily solar radiation, it is assumed that the potential solar radiation 

throughout the day, Ὅ, varies sinusoidally, and can be written  

 ( ), sin ,p p noonI I d dp= =0ς1 over the daylight period (2.32) 

so that the mean daily potential, or daily clear-sky, irradiance is 

 , ,

2
86,400S p day p noonR f I

p
=  (2.33) 

where 86,400 is the number of seconds in a day.  Thus, 

 ,

2
86,400 sinS p dayR f tg f

p
=  (2.34) 

This is a simple equation for the clear-sky irradiance in terms of latitude and day of year, and is 

illustrated in Fig. 2.6 for the latitudes used in Figs 2.4 and 2.5.  The general trend for Ὑȟ is similar to 

that for Ὅȟ , although the maximum value for Ὑȟ is greater as latitudes increase, whereas this is 

not the case for Ὅȟ .  This difference is due to the fact that the maximum daylength increases at 

higher latitudes and the total potential daily solar radiation (Ὑȟ) is the combination of the potential 

instantaneous solar radiation (Ὅ) and daylength. 
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Figure 2.5:  Clear-sky potential solar radiation, Ὑȟ (MJ m-2 d-1), as given by eqn (2.34) 

for the latitudes as indicated. 

In order to test the approach, data from two sites in Australia from 1901 to 2008 are used from the 

SILO data set (Jeffrey, 2001).  These sites are Barraba, NSW, at latitude -30.5°, and Albany, WA, at 

latitude -35°.  Potential irradiance for each day of the year is estimated as the maximum observed 

for each day in the climate file.  This assumes, therefore, that for each day of the year there was at 

least one occasion in the 108 years where the sky was clear.  Figure 2.6 shows the observed and 

predicted clear-sky irradiance.  Also shown are the mean and minimum irradiance, to illustrate the 

ǊŀƴƎŜ ƻŦ ǾŀƭǳŜǎ ǘƘŀǘ ƻŎŎǳǊΦ  ¢ƘŜǊŜ ŀǊŜ ƻŎŎŀǎƛƻƴŀƭ ΨōƭƛǇǎΩ ƛƴ ǘƘŜ Řŀǘŀ ŦƻǊ ƳŀȄƛƳǳƳ ŀƴŘ ƳƛƴƛƳǳƳ 

irradiance, but these may well be due to fluctuations in the accuracy of the measurement 

equipment.  The data and model for clear-sky irradiance are virtually identical which gives 

confidence in the theoretical approach.   

  

Figure 2.6:  Observed maximum daily irradiance (blue) and predicted values (red) using 

eqn (2.34).  Note that the blue lines are obscured for much of the data due to the close 

similarity of the values.  Also shown are the mean (green) and minimum (purple) daily 

irradiance values. 

Equation (2.34) has been tested for several other sites around Australia with similar close agreement 

with the data.  The key parameter defining potential solar radiation is the atmospheric diffusivity, †, 

which may vary for different locations, although the value 0.73 has been found to be appropriate in 
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many cases.  This equation will be used in Chapter 5 which considers canopy transpiration, 

temperature and energy budget.   

2.8 Net radiation  

The net radiation balance, which accounts for both shortwave and longwave radiation components, 

is central to the treatment of canopy transpiration, temperature and energy budget.  The discussions 

here relating to the net radiation balance at the canopy can be defined either for instantaneous (s) 

or daily (d) time scales.  The notation uses ὐ (W m-2 ḳ J m-2 s-1) for instantaneous radiation 

components and Ὑ (J m-2 d-1, although it is often expressed as MJ m-2 d-1) for daily radiation. 

The radiation balance of the canopy is shown in Fig. 2.7.  Solar radiation is incident on the canopy, 

which is either reflected and absorbed by the canopy or transmitted through the canopy.  Longwave 

radiation transmitted from the atmosphere is intercepted and absorbed by the canopy with a small 

component that is reflected (and often ignored).  Longwave radiation is also emitted by the canopy 

as a function of its temperature.  Both shortwave and longwave radiation components that are not 

intercepted by the canopy will be transmitted through the canopy. 

The theory for the radiation balance of canopies is often presented with the assumption of full 

ground cover.  In the present analysis, partial ground cover is considered by using eqn (2.22) for the 

fractional ground cover, Ὢ, as a function of canopy leaf area index, ὒ. 

 

Figure 2.7:  Schematic representation of the radiation balance of the canopy. 

Denoting the incoming shortwave radiation component by ὐ, and the absorbed, transmitted and 

reflected components by ὐȟ, ὐȟ, ὐȟ respectively, the solar radiation balance is 

 , , ,S a S S t S rJ J J J= - -  (2.35) 

Longwave radiation is generally not absorbed, but emitted by the canopy.  Let the incoming, 

reflected and transmitted components of longwave radiation be ὐȟ, ὐȟ, ὐȟ respectively, and 
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denoting the longwave component that is emitted as a function of temperature by ὐȟ, the net 

outgoing longwave radiation, ὐȟ, is 

 ( ), , , , ,L n L e L i L r L tJ J J J J= - - -  (2.36) 

In addition to these terms for the shortwave and longwave components between the canopy and 

the atmosphere, there can also be a heat flux between the canopy and the soil.  However, this is 

generally small and can be ignored.  Note that although the heat flux between the canopy and soil is 

ignored, the radiation input to the soil from shortwave and longwave radiation that is transmitted 

through the canopy is included in the analysis. 

The net radiation balance for the canopy is now 

 , ,n S a L nJ J J= -  (2.37) 

These components will be considered in turn. 

2.8.1 Incoming shortwave radiation  

In order to calculate the absorbed solar radiation, ὐȟ, the transmitted and reflected components in 

eqn (2.35) must be derived.  Applying eqns (2.21) and (2.22), 

 
( )

,

1

kL
S t S

g S

J J e

f J

-=

= -
 (2.38) 

Defining the reflection coefficient, or albedo, as ‌, the absorbed and reflected components of solar 

radiation are simply 

 ( ), 1S a g SJ f Ja= -  (2.39) 

 ,S r g SJ f Ja=  (2.40) 

Note that eqns (2.38), (2.39), (2.40) sum to the total incoming solar radiation, ὐ, as required.  The 

expression for ὐȟ in eqn (2.39) will be used in the analysis for the net radiation balance for the 

canopy. 

For daily values, the radiation components use the symbol Ὑ with the same subscripts as above and 

units J m-2 d-1, or MJ m-2 d-1.  Thus, the daily absorbed solar radiation is  

 ( ), 1S a g SR f Ra= -  (2.41) 

2.8.2 Outgoing longwav e radiation  

Longwave, or terrestrial radiation is the radiation emitted by a body as a function of its temperature.  

Incoming longwave radiation from the atmosphere depends primarily on atmospheric properties 

and temperature, generally increasing in response to vapour density and cloud cover.  Note that in 

the analysis presented here, the net longwave radiation term is defined as outgoing rather than 

incoming.  In some texts, it is defined as incoming to be consistent with incoming solar radiation.  

The choice to use outgoing here is because this term is generally positive. 

Instantaneous longwave radiation  

First consider the emitted longwave radiation which, according to the Stefan-Boltzmann equation 

(see section 2.3 above) is given by 
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 4
, ,L e g K cJ f Tes=  (2.42) 

where „ υȢφχπρπ  W m-2 K-4 is the Stefan-Boltzmann constant, Ὕȟ (K) is the canopy 

temperature in absolute degrees, and ‐ is the canopy emissivity.  For leaves, ‐ is generally in the 

range 0.95 to 0.99, and is taken to be 0.97 here.  The factor Ὢ is used to account for the ground 

cover so that it is assumed that the longwave radiation emitted by the canopy is proportional to the 

canopy ground cover. 

!ŎŎƻǊŘƛƴƎ ǘƻ YƛǊŎƘƻŦŦΩǎ ƭŀǿΣ ǘƘŜ absorptivity coefficient for longwave radiation is equal to the 

emissivity, and hence the absorbed longwave radiation is 

 , ,L a g L iJ f Je=  (2.43) 

where, again, the fractional ground cover accounts for the component of incoming longwave 

radiation that is actually intercepted by the canopy.  Thus, the reflected longwave radiation, ὐȟ, is 
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, , ,

,1

L r g L i L a

g L i

J f J J

f Je

= -

= -
 (2.44) 

The transmitted longwave radiation is given by, analogous to eqn (2.38), 

 ( ), ,1L t g L iJ f J= -  (2.45) 

Substituting in eqn (2.36) for the overall longwave radiation balance becomes 

 ( )4
, , ,L n g K c L iJ f T Je s= -  (2.46) 

Now, in the following analysis to look at the canopy energy balance, the aim is to be able to 

eliminate, or calculate directly, the canopy temperature Ὕȟ.  As will be seen, this requires eqn 

(2.46) to be written in terms of the air temperature and the temperature difference between the 

canopy and air.  To do so, write 

 , ,K c K aT T T= +D (2.47) 

where Ὕȟ (K) is the air temperature and 
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c a

T T T

T T

D = -

= -
 (2.48) 

which can use temperatures in either K or °C.  It follows that 

 4 4 3 2 2 2 3 4
, , , , ,4 6 4K c K a K a K a K aT T T T T T T T T= + D + D + D +D (2.49) 

It is readily confirmed that terms of order ɝὝ  and higher are negligible, so that a good 

approximation is 
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 (2.50) 

Equation (2.46) can now be written 

 ( )4
, , ,L n g K a L i g p r c aJ f T J f c g T Te sè ø= - + -

ê ú
 (2.51) 
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which uses the radiative conductance, Ὣ (mol m-2 s-1), given by 
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=  (2.52) 

where ὧ ςωȢσ J mol-1 K-1 is the specific heat capacity of air, so that Ὣ is a function of air 

temperature only.  The advantage of introducing the radiative conductance is that it defines 

longwave radiative heat loss in a way that is analogous to the sensible heat loss which will be 

considered in the net radiation balance for the canopy.  Although this equation has temperature 

raised to the third power, the response is virtually linear for practical temperature conditions since 

this is absolute temperature, with Ὣ ranging from 4.6 J mol-1 K-1 at 0°C to 7.0 J mol-1 K-1 at 40°C, 

where ‐ πȢωχ, eqn (2.5), is used. 

If the incoming longwave radiation, ὐȟ, is known, then eqn (2.51) can be used directly.  However, in 

many situations it is only the incoming solar radiation that is known and so an estimation of ὐȟ is 

required.  For full canopy ground cover and isothermal conditions, when the air and canopy are at 

the same temperature, which is most likely to occur (at least approximately) to systems that are 

freely transpiring, the net longwave radiation is termed the isothermal net outgoing longwave 

radiation, which is denoted by ὐȟ , and setting Ὕȟ Ὕȟ and Ὢ ρ in eqn (2.51), is given by 

 ( )4
, , ,L n K a L iJ T Je s¡= -  (2.53) 

This can be used in eqn (2.51) to eliminate ὐȟ to give  

 ( ), ,L n g L n p r c aJ f J c g T Tè ø¡= + -ê ú (2.54) 

which defines the net outgoing longwave radiation in terms of the corresponding value for 

isothermal full ground cover systems, the temperature difference between the canopy and air, and 

the fractional ground cover. 

The use of the isothermal net radiation in the study of the energy balance of the canopy, rather than 

assuming a fixed longwave radiation component, improves the accuracy of the analysis considerably 

(Thornley and France, 2007). 

Daily longwave radiation  

The above equations for instantaneous longwave radiation can be applied directly to daily values, so 

that the equations corresponding to (2.53) and (2.54) are 

 ( )4
, , ,86,400L n K a L iR T Re s¡= -  (2.55) 

and  

 ( ), , 86,400L n g L n p r c aR f R c g T Tè ø¡= + -ê ú (2.56) 

where the daily radiation values have units J m-2 d-1. 

2.8.3 Isothermal net radiation  

An acceptable expression for the daily isothermal net outgoing longwave radiation, Ὑȟ , is the 

approach used by Allen et al. (1998, eqn (39)), which is 
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Ὕ (K) now represents the mean daily temperature, „ is the Stefan-Boltzmann constant, where 

„ υȢφχπτρπ  J m-2 s-1K-4, Ὡȟ (kPa) is vapour pressure, Ὑ (J m2 d-1) as defined above is daily 

solar radiation, and Ὑȟ (J m2 d-1) is the potential, or clear-sky, solar radiation with Ὑ Ὑȟ.  Clear-

sky solar radiation was derived in terms of the latitude and day of year in section 2.6 above.  The 

factor 86,400 is the number of seconds per day and converts the radiation components in the 

Stefan-Boltzmann equation to daily values.  According to Allen et al. (1998), the πȢστπȢρτὩȟ  

term corrects for air humidity and declines as humidity increases.  The ρȢσυὙ Ὑȟϳ πȢσυ term 

incorporates the influence of cloud cover and decreases as cloud cover increases, since this will 

result in a reduction in Ὑ.  The approach of eqn (2.57) is widely used ς for example the SILO dataset 

(Jeffrey, 2001) available in Australia, which gives access to daily climate data from the late 1800s to 

the present day for any location in Australia, uses this approach for the calculation of the net 

radiation balance.  Note that Allen et al. (1998) incorporated the daily maximum and minimum 

temperatures, although using a single mean daily temperature gives very similar results.  Equation 

(2.57) can be used in eqn (2.56) to give the canopy daily net radiation balance in terms of readily 

measured quantities.   

Ὑȟ  is illustrated in Fig. 2.8 for the same two sites in Australia that were used to illustrate clear-sky 

solar radiation in Fig. 2.6 above.  It can be seen that the minimum, mean and maximum values for 

Ὑȟ  are relatively constant throughout the year at both these sites.  Furthermore, comparing Figs 

2.6 and 2.8 it is apparent that Ὑȟ  is generally considerably smaller than the solar radiation 

component, although it is certainly not negligible.  Note also that the minimum values are 

occasionally negative, although the values are small, which is likely to occur for cloudy conditions 

and means there is a net inward flux of longwave radiation.  The range of values shown in Fig. 2.8 for 

the daily net outgoing longwave radiation is typical of most locations around the world.   

  

Figure 2.8:  Minimum (purple), mean (green) and maximum (red) isothermal net 

outgoing longwave radiation as given by eqn (2.57) for Barraba (latitude -30.5°) and 

Albany (latitude -35°).  Note that the minimum values are occasionally negative. 

In the analysis for canopy transpiration, temperature and energy balance, Chapter 5, separate day 

and night conditions are considered.  Thus, if Ὕ  and Ὕ  are the mean day and night 

temperatures, then the mean day and night isothermal net outgoing longwave radiation are given by  
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and 
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 (2.59) 

so that the total daily values are 

 , , , ,86,400L n day day L n dayR f J¡ ¡=  (2.60) 

and 

 ( ), , , ,86,400 1L n night day L n nightR f J¡ ¡= -  (2.61) 

with the total given by 

 ( ), , , , ,86,400 1L n day L n day day L n nightR f J f Jè ø¡ ¡ ¡= + -
ê ú

 (2.62) 

where Ὢ  is the daytime fraction as given by eqn (2.25).  In practice, since Ὕ is almost linear over 

realistic temperature ranges, separating out day and night components, eqn (2.62), is virtually 

identical to using a single daily temperature value, eqn (2.57).  However, since the analysis does use 

day and night temperature it is simple to apply eqn (2.62) with (2.58) and (2.59) 

For studies where the instantaneous solar radiation, ὐ, is used rather than the daily value, Ὑ, eqns 

(2.58) and (2.59) are not used.  In this case, eqn (2.57) can be adapted for the instantaneous 

isothermal net outgoing longwave radiation, ὐȟ , as 

 ( ) ()4
, , ,0.34 0.14 1.35 0.35L n K a v a cJ T e f cs¡ è ø= - -ê ú (2.63) 

where Ὢ is a function of cloud cover, ὧ, with ὧ πȟρ being no cloud cover and full cover 

respectively.  It is assumed that  

 ()1 0.7cf c c= -  (2.64) 

According to this definition, no cloud cover, where ὧ π, corresponds to the actual daily solar 

radiation being equal to the potential value, and for full cloud cover, which is ὧ ρ, the actual daily 

value is 30% of potential.  Equation (2.63) with (2.64) is used in PlantMod.  From the daily values, 

Ὑȟ, shown in Fig. 2.8, it follows that ὐȟ will generally be lower than 100 J m-2 s-1. 

2.8.4 Net radiation balance  

Using eqn (2.54) for ὐȟ, the instantaneous net radiation balance for the canopy, eqn (2.37), is now  

 ( ), ,n g S a g L n p r c aJ f J f J c g T Tè ø¡= - + -ê ú (2.65) 

where ὐȟ is given by eqn (2.39).   

It is convenient to define the canopy isothermal net radiation, analogous to the canopy isothermal 

net outgoing longwave radiation, eqn (2.53), as the net incoming radiation balance for a canopy with 

full ground cover and with no temperature difference between the canopy and air.  Using eqn (2.39) 

with Ὢ ρ and setting Ὕ Ὕ in (2.65) and Ὢ ρ, this is given by 
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 ( ) ,1n S L nJ J Ja¡ ¡= - -  (2.66) 

and hence eqn (2.65) may be written 

 ( )n g n p r c aJ f J c g T Tè ø¡= - -ê ú (2.67) 

where ὐ is evaluated during the daytime or nighttime from eqns (2.58) or (2.59) as appropriate.  

Equation (2.67) is the expression for the net radiation balance that will be used in the energy 

balance calculations in Chapter 5. 

The corresponding total daily net radiation balance is 

 ( )n g n p r c aR f R c g T Tè ø¡= - -ê ú (2.68) 

where the daily isothermal net radiation balance is  

 ( ) ,1n S L nR R Ra¡ ¡= - -  (2.69) 

where Ὑȟ is evaluated from eqn (2.60), (2.61) or (2.62) as appropriate for daytime, nighttime or 

total daily net radiation calculations. 

2.9 Final comments  

This Chapter starts with the basic physics of radiation and then deals with the theory of radiation as 

it is required to model canopy photosynthesis and energy balance, including canopy transpiration 

and temperature, which are considered in the following Chapters and are the main focus of 

PlantMod.  The distinction between shortwave and longwave radiation is crucial in the study of 

photosynthesis and energy dynamics.  The visible component of shortwave radiation is the source of 

energy for photosynthesis, and is known as photosynthetic photon flux (PPF).  The direct and diffuse 

components of PPF have been considered, and are used in the description of canopy photosynthesis.  

The overall canopy energy balance includes both shortwave and longwave radiation, and care must 

be taken to ensure that these components are described appropriately.  Direct measurements of 

longwave radiation are often not available and methods have been discussed in this Chapter for 

estimating longwave radiation, and the overall canopy energy balance, in relation to incoming 

shortwave radiation, air temperature and relative humidity. 

2.10 Variables and parameters  

Table 2.1:  Model variables, definitions and units.  Model parameters are defined in 
Table 2.2.  Unless stated otherwise, areas refer to ground area.   

Note that J (m-2 ground) s-1 ḳ W (m-2 ground).   

Variable Definition Units 

Sections 2.2, 2.3: Physics of radiation 

Ὁ  Energy emitted by a body W m-2 

Ὅ  Spectral emittance W m-2 (m-1 wavelength) 

Ὕ  Temperature K 

‗  Wavelength m 

‗   Peak wavelength as a function of temperature m 
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Section 2.6:  Canopy light interception and attenuation 
s ς direct solar;  d ς diffuse solar. 

Ὢ  Fractional ground cover dimensionless 

Ὅ, Ὅȟ, Ὅȟ Solar radiation incident on the canopy J m-2 s-1 

Ὅ, Ὅ, Ὅ Solar radiation at LAI Љ in canopy. J m-2 s-1 

ὍЉ, ὍЉȟ, ὍЉȟ Solar radiation incident on leaves at LAI Љ in canopy J (m-2 leaf) s-1 

Section 2.7:  Clear-sky solar radiation and daylength 

Ὤ   Daylight hours hours  

Ὢ   Daylength as a fraction of 24 hours dimensionless 

Ὅ  Potential clear-sky solar radiation during the day J m-2 s-1 

Ὅȟ   Potential clear-sky solar radiation at solar noon J m-2 s-1 

ὐ  LƴǎǘŀƴǘŀƴŜƻǳǎ LǊǊŀŘƛŀƴŎŜ ƻǳǘǎƛŘŜ ǘƘŜ ŜŀǊǘƘΩǎ 
atmosphere parallel to the horizontal plane 

J m-2 s-1 

ὐ   ὐ evaluated at solar noon J m-2 s-1 

Љ, Љ, Љ Leaf area index in canopy m2 leaf (m-2 ground) 

Ὑȟ  Potential clear-sky daily solar radiation J m-2 d-1 

 Solar declination angle Rad  ‏

‰  Solar elevation angle at solar noon rad  

Section 2.8:  Net radiation 
e ς emitted; i ς incoming;  r ς reflected;  t ς transmitted;  a ς absorbed 

Ὢ  Fractional ground cover dimensionless 

Ὣ  Radiative conductance mol m-2 s-1 

ὐȟ, ὐȟ, ὐȟ, ὐȟ, ὐȟ Longwave radiation components for the canopy J m-2 s-1 

ὐȟ  Net outgoing longwave canopy radiation balance J m-2 s-1 

ὐȟ  Isothermal net outgoing longwave radiation for the 
canopy 

J m-2 s-1 

ὐȟȟ , ὐȟȟ  Day and night values for ὐȟ J m-2 s-1 

ὐ  Canopy net radiation balance (shortwave and 
longwave) 

J m-2 s-1 

ὐ  Canopy isothermal net radiation balance 
(shortwave and longwave) 

J m-2 s-1 

ὐ  Incoming solar radiation J m-2 s-1 

ὐȟ, ὐȟ, ὐȟ Solar radiation components for the canopy J m-2 s-1 

ὒ  Canopy leaf area index m2 leaf (m-2 ground) 

Ὑȟ  Daily net outgoing longwave radiation  J m-2 d-1 

Ὑȟ  Daily isothermal net outgoing longwave radiation J m-2 d-1 

Ὑȟȟ , Ὑȟȟ  Day and night values for Ὑȟ J m-2 d-1 

Ὑ  Incoming daily solar radiation J m-2 d-1 

Ὑȟ  Daily solar radiation absorbed by the canopy J m-2 d-1 

Ὕ  Canopy temperature °C 

Ὕȟ  Canopy temperature K 
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Table 2.2:  Model parameters, definitions, units, and default values.  Model variables are 
defined in Table 2.2.  Unless stated otherwise, areas refer to ground area.   

Note that J (m-2 ground) s-1 ḳ W (m-2 ground).   

Parameter Definition Default value 

Sections 2.2, 2.3: Physics of radiation 

ὧ  Speed of light 2.998  108 m s-1 

Ὤ  tƭŀƴŎƪΩǎ Ŏƻƴǎǘŀƴǘ 6.626  10-34 J s 

Ὧ  Boltzmann constant 1.3807  10-23 J K-1 

‐  Emissivity  0.97 (dimensionless) 

„  Stefan-Boltzmann constant 5.670  10-8 J m-2 s-1 K-4 

Section 2.6:  Canopy light interception and attenuation 

Ὢ  Direct solar fraction of solar radiation 
incident on the canopy 

0.7 (dimensionless) 

Ὧ  Canopy extinction coefficient 0.5 m2 ground (m-2 leaf) 

Section 2.7:  Clear-sky solar radiation and daylength 

‎  Solar constant 1367 J m-2 s-1 

‗  Latitude rad 

‗   Latitude ° 

†  Atmospheric diffusivity coefficient 0.73 (dimensionless) 

Section 2.8:  Net radiation 

ὧ  Fractional cloud cover (0-1) Dimensionless  

ὧ  Specific heat capacity of air 29.3 J mol-1 K-1 

Ὡȟ  Atmospheric vapour pressure 1.4 kPa  
  (60% relative humidity at 20°C)  

Ὕ  Air temperature 20°C 

Ὕȟ  Air temperature 293 K 

‌  Canopy reflection coefficient, or albedo 0.23 (dimensionless) 
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3 Leaf photosynthesis  and respirati on 

3.1 Introduction  

Photosynthesis refers to the fixation of CO2 by plants in response to environmental conditions, 

particularly solar radiation, temperature and atmospheric CO2 concentration.  The aim in this 

component of PlantMod is to explore the response of leaf photosynthesis to environmental factors.  

As discussed in Chapter 2, the source of energy for photosynthesis is the photosynthetically active 

component of solar radiation, referred to as irradiance (PAR), or photosynthetic photon flux (PPF), 

which is the term used throughout PlantMod.  Other environmental factors included are 

temperature and atmospheric CO2 concentration.  For general reviews of aspects of the effects of 

changes in atmospheric CO2 on plant and crop growth, see, for example, Allen (1989) and Gifford 

(1992), Ziska and Bunce (2007). 

When studying the carbon assimilation in plants, both gross photosynthesis and respiratory losses 

must be considered.  Gross photosynthesis is the synthesis of carbon via the Calvin cycle, which can 

be summarized by the reaction: 

 φ#/ φ(/ ự #( / φ/  (3.1) 

This reaction is catalysed by the enzyme ribulose bisphosphate carboxylase (RuBP carboxylase), and 

is referred to as the photosynthetic carbon reduction (PCR) cycle which is illustrated schematically in 

Fig. 3.1. 

 

Figure 3.1.  Schematic representation of the photosynthetic carbon reduction cycle. 

Respiration is associated with the production of energy (ATP: adenosine triphosphate) for plant 

metabolic processes, and is summarized by the reaction: 

 #( / φ/
          
ự φ(/ φ#/ σφ!40 (3.2) 

This is the process whereby the plant can utilize sugars to release energy in the form of ATP for plant 

metabolic processes, during which CO2 is produced ς ƘŜƴŎŜ ǘƘŜ ǘŜǊƳ ΨǊŜǎǇƛǊŀǘƛƻƴΩΦ  

The other form of respiration is photorespiration, which differs from the respiration defined by eqn 

(3.2), in that there is no production of energy in the form of ATP and it also requires light energy.  

Photorespiration is the reverse of the carbon assimilation reaction, eqn (3.1), so that RuBP 

oxygenation rather than carboxylation occurs. 

The following definitions are widely used and can be applied to the leaf, plant or canopy: 
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¶ net photosynthesis is the net CO2 exchange, taking into account CO2 fixation and respiratory 

losses; 

¶ gross photosynthesis is the sum of net photosynthesis and respiration, and so is the total CO2 

fixed after accounting for photorespiration losses. 

Denoting gross photosynthesis, net photosynthesis, and respiration rates, by ὖȟὖȟὙ respectively, 

with units µmol CO2 m
-2 s-1, 

 g nP P R= + (3.3) 

In practice, ὖ is measured in the light, Ὑ in the dark and ὖ is then estimated from those 

measurements.  These definitions do raise the question as to whether respiration proceeds at the 

same rate in the light and dark, although it is almost universally assumed that they do.   

bƻǘŜ ǘƘŀǘ ǘƘŜ ǘŜǊƳ ΨŘŀǊƪΩ ǊŜǎǇƛǊŀǘƛƻƴ ƛǎ ǎƻƳŜǘƛƳŜǎ ǳǎŜŘ ǎƛƴŎŜ ǘƘŜ ǊŜŀŎǘƛƻƴ ƛƴ Ŝǉƴ (3.2) does not need 

light energy, although this reaction can occur in both light and dark periods.  However, this can be 

misleading as it may be interpreted as saying this form of respiration only occurs during the dark 

ǿƘƛŎƘ ƛǎ ƴƻǘ ŎƻǊǊŜŎǘΦ  ¢ƘŜ ǘŜǊƳ ΨǊŜǎǇƛǊŀǘƛƻƴΩ ǿƛƭƭ ōŜ ǳǎŜŘ ƘŜǊŜ ǘƻ ŘŜǎŎǊƛōŜ ǘƘŜ ǊŜǎǇƛǊŀǘƛƻƴ ŀǎǎƻŎƛŀǘŜd 

with the production of ATP in eqn (3.2), as distinct from photorespiration. 

Before looking at the model for leaf photosynthesis, a brief background to C3 and C4 photosynthesis 

is presented. 

3.1.1 C3 and C4 photosynthesis  

The two main forms of photosynthesis are known as C3 and C4 because the initial products in the 

reactions are 3- and 4-carbon molecules respectively.  In practice, the principal difference is that C4 

plants are able to suppress photorespiration and, since in C3 plants there tends to be a shift towards 

photorespiration at the expense of photosynthesis at higher temperatures, C4 plants are therefore 

generally able to continue to photosynthesise at higher temperatures, whereas this is not normally 

the case for C3 plants.  Some caution must be applied when generalizing about C3 and C4 plants since 

there are C4 species that grow well in fairly cool conditions, such as kikuyu, and some C4 species, 

such as cotton, that grow well in hot conditions. 

The C3 photosynthetic process involves the conversion of atmospheric carbon dioxide to organic 

carbon (sugars), as summarized in eqn (3.1) and illustrated in Fig. 3.1.  The chloroplasts in the 

mesophyll cells capture light energy to produce ATP which is the light reaction of photosynthesis:  

this ATP supplies the energy for the dark reactions.  Using this ATP, CO2 is converted to sugars (dark 

reactions) via the photosynthetic carbon reduction cycle (PCR) or Calvin cycle, which involves the 

carboxylation of ribulose bisphosphate (RuBP).  The first product in this process is the 3-carbon 

compound 3-phosphoglyceric acid (PGA):  hence the term C3.  PGA is then used to produce sugars 

and regenerate RuBP.   

The scheme for C4 plants is illustrated in Fig. 3.2.  In this case, the light reactions produce ATP as for 

C3 plants.  However, the initial CO2 fixation is catalyzed by the enzyme phosphoenolpyruvate 

carboxylase (PEP carboxylase) to produce oxaloacetate (OAA), which is a 4-carbon molecule ς hence 

the term C4.  Other 4-carbon molecules are rapidly produced, mainly malate and aspartate.  Malate 

and aspartate are then transported into the chlorophyll rich bundle sheath cells.  Here, 

decarboxylation of the C4 acids occurs to produce C3 compounds and CO2, so that effectively CO2 is 

being pumped into the bundle sheath cells.  The C3 compounds are transported back to the 
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mesophyll cells where PEP carboxylase is regenerated.  The RuBP carboxylase enzyme is located in 

the bundle sheath cells and the normal PCR cycle (C3 photosynthesis) takes place. 

 

Figure 3.2.  Schematic representation of the C4 photosynthetic pathway. 

Since PEP carboxylase has a higher affinity for CO2 than RuBP carboxylase, C4 plants have a lower 

substomatal CO2 concentration than do C3 plants (approximately 40% and 70% of the atmospheric 

CO2 concentration respectively).  Consequently, C4 plants can maintain the flux of CO2 across the 

stomata while the stomata are partially closed, which helps reduce water loss.  Thus, water use 

efficiency values (kg dry matter produced per kg water used) for C4 plants are usually lower than for 

C3.  Secondly, because of this high affinity for CO2 of PEP carboxylase, the CO2 concentration in the 

vicinity of RuBP carboxylase is higher in C4 leaves (bundle sheath cells) than in C3 leaves (mesophyll 

cells).  This increases the activity of the RuBP carboxylase and also effectively causes the 

carboxylation of RuBP to out-compete oxygenation, so that photorespiration is inhibited.  

Furthermore, if any photorespiration does occur, the emitted CO2 may be re-fixed as it passes the 

mesophyll cells, owing to the high affinity of PEP carboxylase for CO2. 

While it is common to refer to C4 species as tropical species and C3 as temperate species, the 

distinction is not always that clear.  For example, the genus Panicum contains both C3 and C4 species.  

There are also plant species that appear to have both C3 and C4 characteristics. 

In spite of the fact that C4 plants have a higher water use efficiency than C3 plants, the distribution of 

C3 and C4 species is more closely related to temperature than available water.  C4 plants are 

generally able to withstand higher temperatures than C3 plants, and this seems to be the more 

important attribute in terms of geographical distribution. 

Many pastures contain both C3 and C4 species, with each growing when conditions are suitable.  For 

example, in Australian native pastures, it is common for the pasture to comprise Danthonia (C3) and 

Themeda (C4) species.  Another example is in managed dairy pastures in sub-tropical regions where 

C4 species such as Rhodes grass or kikuyu are grown in the summer and ryegrass, which is a C3 

species, in winter. 

There is a third photosynthetic system, known as CAM plants (crassulacean acid metabolism).  This 

system is similar to C4 in that it utilizes PEP carboxylase.  However, the PEP carboxylase is active at 

night and then supplies CO2 for the carboxylation of RuBP during the day.  By this means, the 

stomata are only open at night, which reduces water loss.  During the day, the stomata close and the 

supply of CO2 for the carboxylation of the RuBP comes from the C4 acids.  The CAM pathway is 

mainly found in succulents, and one of the few economically important CAM plants is pineapple. 
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Further discussions of C3 and C4 photosynthesis can be found in most standard plant physiology 

texts, and detailed mathematical discussions can be found in Thornley and Johnson (2000), von 

Caemmerer (2000), Thornley and France (2007). 

3.2 Leaf photosynthesis  

Leaf gross photosynthesis is affected primarily by light energy, temperature, atmospheric CO2 

concentration, and photosynthetic enzyme concentration, while respiration responds to 

temperature and enzyme concentration.  The gross photosynthetic response is considered first and 

then respiration is addressed.  At the leaf level, the treatment of respiration is quite simple, whereas 

the concepts of growth and maintenance respiration are incorporated at the canopy level when 

canopy photosynthesis is considered in the next Chapter.  Applying eqn (3.3) to the leaf, the rates of 

leaf gross photosynthesis, net photosynthesis and respiration are related by 

 , ,g nP P R= +  (3.4) 

This equation is applied by describing ὖȟЉ and ὙЉ in relation to environmental conditions and then 

evaluating ὖȟЉ. 

Biochemical models of leaf photosynthesis of varying levels of complexity, such as Thornley (1976), 

Farquhar et al. (1980), Collatz et al. (1991), Thornley and Johnson (2000), von Caemmerer (2000) 

have been presented in the literature, with the model of Farquhar et al. (1980) being widely used.  

The main value of these models is in the study of the underlying biochemistry of leaf photosynthesis 

but, due to their complexity they are generally less suited to the study of canopy photosynthesis 

than simpler empirical, or semi-empirical models.  As discussed in Section 1.2, the hierarchical 

structure of the processes in plant biology, means that the more organizational levels that are 

incorporated in a model, the greater the model complexity.  As complexity increases, models 

become more challenging to parameterize, and more difficult to interpret.  The model of Farquhar et 

al. (1981) is widely used in leaf photosynthesis studies, but models of crop and pasture systems 

generally use simpler approaches that are more readily adapted to individual species:  examples are 

Reyenga et al. (1999), for crop modelling;  Thornley (1998) and Johnson et al. (2008), for pasture 

models.  Furthermore, in spite of their complexity, biochemical models may have limitations that 

need to be addressed (eg Ethier and Livingston, 2000).  A final, practical limitation to using complex 

biochemical models of photosynthesis in the study of canopy photosynthesis is that it is difficult to 

define parameter sets routinely for different plant species for use in crop, pasture and ecosystem 

models (eg Grace and Zhang, 2006).  Biochemical models of leaf photosynthesis are therefore not 

used in PlantMod, although discussion can be found in Thornley and Johnson (2000) and 

von Caemmerer (2000). 

The approach adopted here is to define the underlying photosynthetic response to PPF and then to 

use empirical equations to define the responses of the parameters in this response curve to 

temperature CO2 and leaf enzyme concentration, for both C3 and C4 plants.  The objective is to 

provide robust and realistic descriptions of leaf photosynthesis that can be used to calculate canopy 

photosynthesis and that can easily be related to the varying photosynthetic responses of different 

plant species with readily interpreted parameters ς for example, the light saturated rate of leaf 

photosynthesis will be defined with a minimum, optimum and maximum temperature.   

Before proceeding, recall that the energy source for photosynthesis is the photosynthetic photon 

flux (PPF) with units ‘mol photons m-2 s-1, which was defined in Section 2.4 in Chapter 2, while 

atmospheric CO2 concentration was considered in Chapter 1.  For CO2, the true concentration has 
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units mol CO2 m
-3 while the more commonly used fractional concentration is expressed as µmol CO2 

(mol air)-1 or parts per million (ppm).  Following convention, the fractional concentration will be used 

here and referred to simply as concentration.  However, it should be noted that true concentration 

may be more appropriate for detailed biochemical analysis, since this is the absolute amount of CO2 

per unit volume of air.  Symbols and their definitions are presented in Tables 3.1, 3.2, 3.3 at the end 

of the Chapter. 

Some model illustrations are presented, but you are encouraged to explore the behaviour of the 

model in the PlantMod program.   

3.2.1 Light response  

The rate of single leaf gross photosynthesis, ὖЉȟ ‘mol CO2 (m
-2 leaf) s-1, is described as a function of 

PPF, ὍЉ ‘mol PAR (m-2 leaf) s-1, by the widely used non-rectangular hyperbola, which can be written 

as 

 ( )2
, , 0g m g mP I P P I Pq a a- + + = (3.5) 

where  the parameters are: 

ὖ   rate of single leaf gross photosynthesis  
at saturating irradiance 

‘mol CO2 (m
-2 leaf) s-1 

‌  leaf photosynthetic  efficiency ‘mol CO2 (‘mol photons)-1 

— π — ρ curvature parameter dimensionless 

The non-rectangular hyperbola was discussed in detail in Chapter 1.  Note that all model variables 

are listed in Table 3.2 and model parameters, with default values, in Table 3.3 at the end of this 

Chapter. 

Equation (3.5) is the fundamental equation upon which the treatment of photosynthesis is built in 

this modelling approach.  This equation is almost universally used for the leaf photosynthetic 

response to PPF ς see for example Sands (1995), Anten et al. (1995), Anten (1997), Thornley and 

Johnson (2000), Thornley and France (2007), where numerous references can be found.  It can be 

derived from a range of simplified biochemical schemes, including Thornley (1976), Collatz et al. 

(1991).  It is also used by several authors in Boote and Loomis (1991), including Evans and Farquhar 

(1991), Norman and Arkebaur (1991), Gutschick (1991).  One point to note is that the light-saturated 

rate of photosynthesis, ὖ , can be reached either when photosynthesis is RuBP limited or when the 

rate of RuBP regeneration is limited which is due to the maximum rate of electron transport. 

ὖЉȟ is given by the lower root of eqn (3.5), which is 
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When — π it reduces to the simpler rectangular hyperbola 
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and with — ρ it becomes the Blackman limiting response given by 
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The influence of the parameters ‌ȟ—ȟὖ  on the ὖЉȟ ὍЉ  is: 

 ‌:  initial slope; 

 ὖ :  asymptote as the curve approaches saturating irradiance; 

 —: curvature of the curve. 

In practice, the parameters ‌ and — vary little and, within their physiological range, typical variation 

is likely to have a relatively small influence in the leaf photosynthetic response.  On the other hand, 

ὖ  is much more variable and responds quite markedly to temperature, CO2 concentration, and 

photosynthetic enzyme status, as well as other factors such as plant morphology.  Further discussion 

of the parameters can be found in Cannell and Thornley (1998, Appendix), where they emphasize 

the fact that variation in leaf photosynthetic rates is dominated by the large variation that is 

observed in the light-saturated leaf photosynthetic rate, ὖ .  Typical values for ‌ and — are 

 ‌ = 0.08 mol CO2 (mol photons)-1 and — = 0.8. (3.9) 

While ὖ  can vary considerably, representative values are 

 C3:  ὖ= 20;  C4:  ὖ  = 30 ‘mol CO2 (m
-2 leaf) s-1 (3.10) 

Equation (3.6) is shown in Fig. 3.3 for a range of — values as indicated. 

 

Figure 3.3:  Leaf gross photosynthesis in response to PPF, eqn (3.6) for ‌ = 0.08 mol CO2 

(mol photons)-1, ὖ  = 20 µmol CO2 (m
-2 leaf) s-1, and — as indicated. 

The non-rectangular hyperbola, eqn (3.6), is the key equation used in this analysis for the description 

of leaf gross photosynthesis in response to environmental factors.  The equation has the direct effect 

of PPF ς the effects of temperature, CO2 and photosynthetic enzyme content are described through 

their influence on the model parameters. 

3.2.2 Leaf photosynthetic response to temperature, CO 2 and enzyme concentration  

The influence of temperature, CO2 and nitrogen concentration on leaf gross photosynthesis is 

dominated by the effect on the parameter ὖ  in eqn (3.6).  The leaf photosynthetic efficiency ‌ also 

depends on temperature and CO2, although to a lesser extent than ὖ .  There is less evidence that 

the curvature parameter — responds to these factors (Sands, 1995;  Cannel and Thornley 1998) and 

so this parameter is treated as constant.  The methods used here follow, or are adapted from, 
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Cannel and Thornley (1998), Thornley (1998), and Thornley and France (2007).  Before looking at the 

parameters ὖ  and ‌, the generic CO2 function that was presented in Section 1.3.4 in Chapter 1 is 

discussed. 

CO2 response function, █╒ 

To recap the discussion in Chapter 1, the generic CO2 response function, Ὢ ὅ, is given by the non-

rectangular hyperbola 

 () ( ){ }
1 2

2

, , ,

1
4

2
C C m C m C mf C C f C f f Cb b fb

f

è ø
= + - + -é ù
ê ú

 (3.11) 

where ὅ is atmospheric CO2 concentration, ‍ is the initial slope, ‰ π ‰ ρ the curvature, and 

Ὢȟ  the asymptote.  Rather than prescribe ‍ and ‰, the function is defined to take the value unity 

at ambient CO2 and ‗ at double ambient, so that  
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 (3.12) 

where ὅ  is the ambient atmospheric CO2 concentration, taken to be ὅ σψπ ‘ÍÏÌ ÍÏÌ 

(eqn 1.70).  Thus, Ὢ ὅ is defined in terms of the parameters ‗ and Ὢȟ .  The default values for 

‗ȟὪȟ  are (1.5, 2) for C3 and (1.1, 1.15) for C4 so that, for C3 plants, ὖ  increases by 50% at double 

ambient CO2 concentration and doubles at saturating CO2, while for C4 plants the response is more 

moderated with a 10% increase at double ambient CO2 and 15% increase at saturation.  This 

difference in parameters for C3 and C4 species is due to the relatively small influence of CO2 on C4 

plants as discussed later.  The analysis for deriving ‍ and ‰ in eqn (3.11) subject to (3.12) is 

discussed in Section 1.3.4 in Chapter 1. 

 Equation (3.11) is illustrated in Fig. 3.4 with the default parameter values for C3 and C4 plants.  It can 

be seen that, with these parameter values, the variation in the CO2 response is much lower for C4 

than for C3. 

 

Figure 3.4:  CO2 response function, eqn (3.11), with ‗ȟὪȟ  = (1.5, 2) for C3 plants (solid line)  

and (1.1, 1.15) for C4 plants (broken line).  From PlantMod. 
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Light saturated photosynthesis, ╟□ 

The general characteristics of the response of ὖ  to temperature, CO2, and enzyme concentration 

are: 

¶ ὖ  increases from zero as temperature increases from some low value. 

¶ There is an optimum temperature above which there is no further increase in ὖ . 

¶ The temperature optimum increases in response to atmospheric CO2 concentration, ὅ, 

which is due to the fall in photorespiration. 

¶ As temperature continues to rise there is a decline in ὖ  for C3 species, also due to the 

increase in photorespiration. 

¶ For C4 species, ὖ  may remain stable or may decline slightly as temperature increases past 

the optimum. 

¶ ὖ  increases in response to increasing ὅ in an asymptotic manner, approaching a maximum 

value at saturating ὅ. 

¶ ὖ  increases as the photosynthetic enzyme concentration increases, and it is assumed that 

this enzyme concentration is proportional to the nitrogen content. 

In addition, enzymes can be damaged at low or high temperature extremes.  At low temperatures, 

chilling stress can cause a phase change in the cell membranes from a liquid to solid gel, although 

this does not generally affect temperate species.  Freezing stress can result in severe cell wall 

damage, although some cold-tolerant plants have a variety of mechanisms to help tolerate freezing 

conditions.  At high temperatures, heat injury can lead to leaking cell membranes as the viscosity of 

the membrane lipids falls.  Enzyme inactivation can also result from the denaturing of protein 

molecules.  The effects of extreme temperature stress are not considered in PlantMod. 

To incorporate the factors listed above, the light saturated leaf photosynthetic rate, ὖ , is defined 

by 

 () ( ) ( ), , ,,m m ref C Pm TC Pm fp pP P f C f T C f f=  (3.13) 

where Ὢ ὅ is the CO2 response function discussed in the previous section, Ὢ ȟ Ὕȟὅ is a 

combined response to temperature and CO2, Ὢ ȟ  is the response to plant enzyme, or protein, 

concentration Ὢ mol protein C (mol leaf C)-1, and ὖȟ  is a reference value for ὖ , and is the value 

of ὖ  at a reference temperature, ambient CO2 concentration, ὅ , and reference enzyme 

concentration, as discussed below.   

The function Ὢ ȟ Ὕȟὅ is constrained by 

 ( ), , 1Pm TC ref ambf T T C C= = = (3.14) 

 ( ), , 1Pm fp p p reff f f= = (3.15) 

The default values for ὖȟ  are  

 C3:  ὖȟ = 20;  C4:  ὖȟ  = 30 ‘mol CO2 (m
-2 leaf) s-1 (3.16) 

The enzyme response function is the same for both C3 and C4 species and is defined simply as a ramp 

function, so that 
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According to this function, Ὢ ȟ  increases linearly as the enzyme concentration increases to the 

maximum value, above which there is no further increase in the rate of photosynthesis in response 

to the enzyme concentration.  The default parameter values are 
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with units mol protein C (mol leaf C)-1.  The lower value for C4 plants reflects the fact that these 

species generally have lower nitrogen contents ς this will be explored theoretically later.  This simple 

function is illustrated in Fig. 3.5. 

 

Figure 3.5:  Enzyme function, Ὢ ȟ Ὢ , eqn (3.17), with the default parameter values 

for C3 plants as given by eqn (3.18).  The function takes the value unity at Ὢȟ . 

Various options are available for describing the temperature response, and this was discussed in 

some detail in Section 1.3.5 in Chapter 1.  The approach used here, following Cannel and Thornley 

(1998) is to define the combined temperature and CO2 response as 
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 (3.19) 

where Ὕ  is the minimum temperature, with  

 ( ), 0Pm TC mnf T =  (3.20) 

ή ρ is a curvature parameter, and Ὕ  is a reference temperature where  

 ( ), 1Pm TC reff T =  (3.21) 

Ὕ  is the optimum temperature and is related to ὅ according to 

 (), , , 1opt Pm opt Pm amb Pm CT T f Cg è ø= + -ê ú (3.22) 
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where Ὢ ὅ is once again defined by the CO2 function, eqns (3.11), (3.12).  The default value 

 C10Pmg =  (3.23) 

is used.  Note that there is a maximum temperature at  

 
( )1 opt mn
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q T T
T

q

+ -
=  (3.24) 

The constraint 

 ( ), 0PmTCf T C = , if mnT T<  or mxT T>  (3.25) 

is applied to ensure the function is never negative.  The default parameter values are listed in Table 

3.3.  Also, the optimum temperature is constrained not to fall below the reference temperature, so 

that 

 opt refT T²  (3.26) 

This constraint is required to ensure sensible behaviour of the temperature functions. 

Equation (3.19), is illustrated in Fig. 3.6 at ambient CO2 for a range of ή values, and it can be seen 

that it is a versatile, flexible function for describing the temperature response. 

 

Figure 3.6.  Temperature function, Ὢ ȟ Ὕ eqn (3.19), at ambient CO2.  Parameters 

are: Ὕ ςπᴈ, Ὕ υᴈ, Ὕ ςυᴈ, ή as indicated.   

Note that Ὢ ȟ Ὕ Ὕ ρ. 

C3 and C4 species are treated in the same way, with the exception that for C4 species the constraint 

 ( ) ( )4C :   for  , , , ,, , ,Pm TC Pm TC opt Pm opt Pmf C T f C T T T= >  (3.27) 

applies, so that the temperature response does not fall when temperatures exceed the optimum.  In 

practice, photosynthesis may decline at high temperatures due either to water stress or enzyme 

damage.  However, the analysis here aims to capture only the decline due to a shift towards 

photorespiration and, since this is assumed to be eliminated in C4 plants, the constraint in eqn (3.27) 

is reasonable.  Note that although ὖ  may not decline at high temperatures, there can be a fall in 

net photosynthesis due to increases in respiration rate. 
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Equations (3.19)-(3.27) completely define the function Ὢ ȟ  for C3 and C4 species.  The default 

parameter values are given in Table 3.3.   ὖ  is illustrated in Fig. 3.7 for both C3 and C4 species with 

the parameter values from Table 3.3. 

 

Figure 3.7.  Light saturated leaf gross photosynthetic rate, ὖ  eqn (3.13), in response to 

temperature for CO2 concentrations of 380 (current ambient), 570 (50% increase) and 

760 (doubling) ‘ÍÏÌ mol-1 as indicated, with the parameters in Table 3.3.   

The solid lines are for C3 plants and the broken lines for C4 plants. 

Leaf photosynthetic efficiency, ♪ 

The general characteristics of the photosynthetic efficiency, ‌, to temperature and CO2 are: 

¶ ‌ increases with atmospheric CO2 concentration, ὅ, although this is relatively modest for C4 

plants. 

¶ In C3 plants, at ambient CO2 concentration ‌ declines as temperature increases above 15ᴈ 

due to a shift from carboxylation (carbon fixation) to oxygenation (photorespiration) in the 

photosynthesis reactions.  The critical temperature above which ‌ starts to decline increases 

as the CO2 concentration rises. 

¶ The impact of increasing temperature on ‌ is reduced as CO2 concentration increases. 

¶ ὥ increases in response to protein concentration. 

In order to capture these responses, the photosynthetic efficiency ‌ is given by 
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where ‌ ȟ , mol CO2 (mol photons)-1, is the value of ‌ at the ambient CO2 concentration ὅ , 

ρυᴈ, and reference protein concentration, with default value 

 ( )2mmol CO  mol photons
1

,15 80amba
-

=  (3.29) 

The function Ὢ ὅ captures the direct influence of ὅ on ‌, and is given by the CO2 function that was 

discussed in Chapter 1, Section 1.3.5 and used above, eqns (3.11) and (3.12). 

The function Ὢȟ Ὕ in eqn (3.28) defines the temperature response on ‌, as given by 
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where „ is a constant and 

 (), 15 6 1opt CT f Ca è ø= + -ê ú (3.31) 

where again the CO2 response function, eqns (3.11) and (3.12) is used.  As a precaution, the 

constraint  

 (), 0,Tf Ta ²   for all Ὕ (3.32) 

is imposed, although it would require fairly unrealistic parameter values to cause Ὢȟ Ὕ to have 

negative values. 

Default parameter value in eqn (3.30) is 

 10.02as
-= C  (3.33) 

In PlantMod, „ is restricted to 

 10.03 Cas
-¢  (3.34) 

to ensure realistic values for ‌.   

The coefficients in eqn (3.31) are fixed since the value 15 is widely used and the value 6 is unlikely to 

vary significantly and the model is relatively insensitive to changes in this value.  According to eqn 

(3.31) Ὕ ȟ increases from its ambient value of 15ᴈ by σᴈ for a doubling of CO2 from ambient. 

The protein response function is defined as a simple ramp function (Peri et al., 2005), taken to be 
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This equation will not be valid for very low Ὢ, but, for that situation, photosynthesis will be primarily 

restricted by the influence on ὖ  

With these equations, the photosynthetic efficiency ‌ increases with increasing ὅ for both C3 and C4 

species, but for C3 plants there is also a decline for temperatures above 15 ᴈ.  The increase in ‌ in 

response to ὅ reflects the greater availability of CO2, while the decline in response to temperature 

for C3 species indicates a shift towards photorespiration as temperature increases, while this shift is 

reduced at increasing ὅ.  The lack of temperature response for C4 species is due to the lack of 

photorespiration in those plants.  Furthermore, the CO2 response for C4 plants is small, again due to 

the lack of photorespiration, as reflected by the parameters in Ὢ ὅ, eqns (3.11) and (3.12).  The 

default parameter values are summarised in Table 3.3, and the response of ‌ to temperature at 

three CO2 concentrations is illustrated in Fig. 3.8 for both C3 and C4 species. 

The increase in ‌ in response to ὅ and the decline as Ὕ increases for C3 plants is consistent with 

observations (eg Long and Drake, 1991), and the modest response of C4 plants is due to their lack of 

photorespiration (eg Ehleringer and Björkman, 1977). 

These equations for ‌ are simple in structure and therefore easy to program, while capturing the key 

features of the response of ‌ to CO2 concentration and temperature.  It should be noted that the 
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coefficient „ in eqn (3.30) is also taken to be dependent on ὅ by Cannell & Thornley (1998), 

although this influence was found to be quite negligible during the development of PlantMod, with 

the influence of ὅ being dominated by the Ὢ ὅ function in eqn (3.28). 

 

Figure 3.8:  Leaf photosynthetic efficiency, ‌, as a function of temperature for CO2 

concentrations of 380 (current ambient), 570 (50% increase) and  

760 (doubling) ‘ÍÏÌ mol-1 as indicated. The solid lines are for C3 plants  

and the broken lines for C4 plants. 

3.3 Leaf respiration  

The approach for leaf respiration is fairly simple, with a more complete treatment given for canopy 

photosynthesis.  It is assumed that the rate of leaf respiration is  

 (), ,
,

p
ref R T

p ref

f
R R f T

f
=  (3.36) 

where ὙЉȟ  is the leaf respiration rate at the reference temperature and enzyme concentration, 

the function ὪЉȟ Ὕ defines the temperature response for respiration, and Ὢ, Ὢȟ  are the leaf 

enzyme concentration and reference concentration respectively, as defined earlier.  According to 

this definition, respiration is proportional to the enzyme concentration.  The default value for ὙЉȟ  

is taken to be  

 ὙЉȟ  = 2 ‘ÍÏÌ CO2 (m
-2 leaf) s-1 (3.37) 

Respiration in leaves tends to continue to increase with increasing temperature, although if 

photosynthesis is severely restricted then respiration may decline due to limited substrate.  The 

approach here is to use the simple ὗ  approach, which was discussed in Section 1.3.5 in Chapter 1, 

and is given by 

 ()
( )10

, 10
refT T

R Tf T Q
-

=  (3.38) 

where ὗ  is a dimensionless parameter and Ὕ  is the reference temperature with 

 ( ), 1R T reff T T= = (3.39) 

0

20

40

60

80

100

120

140

0 10 20 30 40

a
, 

m
m

o
l 
m

o
l-1

 

Temperature, T °C 

C=760

C=570

C=360



PlantMod:  Leaf photosynthesis and respiration 61 

For any ρπᴈ increase in temperature, the function increases by a factor of ὗ , that is 

 
( )

()
,

10
,

10R T

R T

f T
Q

f T

+
=  (3.40) 

The default value used here is 

 10 1.5Q =  (3.41) 

which corresponds to a 50% increase in respiration for every ρπᴈ increase in temperature. 

The more complex Arrhenius equation is sometimes used to describe this type of temperature 

response.  However, as discussed in Section 1.3.5 in Chapter 1, the two approaches have virtually 

identical behaviour, and there is little theoretical justification for using the Arrhenius equation to 

describe the sequence of reactions involved in respiration.  The Q10 approach is preferred since it is 

much easier to parameterize.  

3.4 Illustrations  

The equations discussed above give a complete description of the rate of single leaf gross 

photosynthesis and respiration in response to environmental conditions as well as leaf 

photosynthetic enzyme concentration.  The behaviour of the individual parameters in the leaf 

photosynthetic response function ς that is the light-saturated rate of leaf gross photosynthesis, ὖ , 

and the leaf photosynthetic efficiency, ‌ ς can be explored in PlantMod, as well as the rates of leaf 

gross and net photosynthesis and leaf respiration.   

The rates of single leaf gross, net photosynthesis, and respiration are shown as functions of ὍЉ (the 

PPF incident on the leaves) and Ὕ in Fig. 3.9 for the PlantMod default environmental conditions, and 

the default C3 and C4 species parameters (see Tables 3.1 and 3.3).  These graphs have been produced 

by copying directly from PlantMod.  These figures display the expected characteristics for C3 and C4 

species although varying the physiological and environmental parameters will generate a range of 

responses. 

  

Figure 3.9:  Rates of single leaf gross photosynthesis (Pg,leaf), net photosynthesis 

(Pn,leaf), and respiration (R,leaf) as functions of PPF (left), and temperature (right).  The 

solid lines are C3 and broken lines are C4.  Environmental and physiological parameters 

are the PlantMod defaults as given in Tables 3.1, 3.3.   

Note the different scales on the y-axes.  From PlantMod. 
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The influence of CO2 on the rate of leaf net photosynthesis, ὖЉȟ, is shown in Fig. 3.10, again for the 

default C3 and C4 parameter sets.  In these illustrations, ὖЉȟ is presented for ambient CO2 and a 50% 

increase in CO2 concentration.  Some points to note are the greater response to CO2 for C3 than C4, 

and the increase in temperature optimum for the C3 graph of ὖЉȟ as a function of Ὕ. 

  

  

Figure 3.10:  The rate of single leaf net photosynthesis as a function of PPF (left) and 

temperature (right) for the default C3 plants (top) and C4 plants (bottom).   

The solid lines are ambient CO2, 380 µmol mol-1, and the broken lines are for a  

50% increase in CO2, 570 µmol mol-1.  Note the different scale on the y-axis for  

the C4 temperature response.  From PlantMod. 

The illustrations shown here are typical of experimental observations, although it must be 

emphasised that the values can vary substantially between different species and growing conditions.  

The parameters in PlantMod are simple to adjust to capture the general characteristics of most 

photosynthetic responses. 

3.5 Final comments  

The model of leaf photosynthesis described here incorporates the response to light (PPF), 

temperature, CO2 and leaf photosynthetic enzyme content.  A simple description of respiration is 

also presented although the canopy photosynthesis model in the next Chapter includes a more 

thorough treatment of respiration.  The leaf photosynthesis model is designed to be simple to use, 

with easily defined parameters that have clear physiological interpretations.  For example, the 

temperature response for the light-saturated rate of leaf gross photosynthesis (ὖ ) is defined in 
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terms of the minimum, optimum and maximum temperatures, along with a single curvature 

coefficient. 

The model is ideally suited for analysis of carbon exchange in leaves and for incorporation in canopy 

photosynthesis models:  canopy photosynthesis is considered in the next Chapter.  Although more 

complex models of leaf photosynthesis are often used, the objective here has been to describe leaf 

photosynthesis at a level that is appropriate for practical application in canopy photosynthesis 

models, as easily defined and interpreted parameters, and is based at a similar level of physiological 

detail as the description of respiration which is considered in the next Chapter. 

3.6 Variables and parameters  

Table 3.1:  Environmental variables. 
These values are used in illustrations unless stated otherwise. 

Variable Definition Units 

ὅ, ὅ  Actual and current ambient atmospheric 
CO2 concentration 

380 ‘ mol CO2 (mol air) -1 

ὍЉ  Photosynthetic photon flux (PPF) incident 
on the leaf. 

750 µmol photons m-2 s-1 

Ὕ  Temperature 22ᴈ  

 

Table 3.2:  Model variables, definitions, and units.   
PPF is photosynthetic photon flux, µmol m-2 s-1.   Environmental variables and  

model parameters are defined in Tables 3.1 and 3.3 respectively. 

Variable Definition Units 

ὖЉȟ  Leaf rate of gross photosynthesis µmol CO2 (m
-2 leaf) s-1. 

ὖЉȟ  Leaf rate of net photosynthesis µmol CO2 (m
-2 leaf) s-1. 

ὖ   ὖЉȟ at saturating PPF µmol CO2 (m
-2 leaf) s-1. 

ὙЉ  Leaf respiration rate µmol CO2 (m
-2 leaf) s-1. 

Ὕ ȟ ὅ  Optimum temperature for ὖ  as a 
function of ὅ 

°C 

Ὕ ȟ ὅ  Temperature at which ‌ starts to fall °C 

‌  Leaf photosynthetic efficiency mol CO2 (mol photons)-1 

 

Table 3.3:  Model parameters, definitions, units, and default values. 
Environmental parameters and model variables are defined in Tables 3.1 and 3.2 respectively. 

Parameter Definition Default value 

Ὢȟ   ὖ ὖȟϳ  at Ὕ , Ὢȟ , saturating ὅ C3: 2.0;  C4: 1.15 

ὖȟ   ὖ  at ὅ , Ὕ , Ὢȟ  C3: 20;  C4: 30 µmol CO2 (m
-2 leaf) s-1 

Ὢȟ   Reference Ὢ value for leaves C3: 0.20;  C4: 0.15  
mol protein C (mol leaf C)-1 

Ὢȟ   Maximum Ὢ value for ὖЉȟ C3: 0.30;  C4: 0.25  
mol protein C (mol leaf C)-1  

ή  Curvature parameter for ὖ Ὕ 2 

ὙЉȟ   ὙЉ at ὅ , Ὕ , Ὢȟ  C3: 2;  C4: 1.6 µmol CO2 (m
-2 leaf) s-1 

Ὕ   Minimum temperature for ὖ  C3: 5 °C;  C4: 10 °C 
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Ὕ ȟ ȟ   Optimum temperature for ὖ  at ὅ  C3: 20 °C;  C4: 25 °C 

Ὕ   Reference temperature for ὖ  and ὙЉ C3: 20 °C;  C4: 25 °C 

‌ ȟ   ‌ at ὅ  and 15 ᴈ 80 mmol CO2 (mol photons)-1 

‎  Ὕ ȟ ὅ parameter 6 °C 

‎   Ὕ ȟ  parameter 10 °C 

—  ὖЉȟ curvature parameter 0.8 

‗  ὖ ὖȟϳ  at Ὕ , Ὢȟ , ς ὅ  C3: 1.5;  C4: 1.1 

„  Temperature parameter for the optimum 
temperature for ‌ 

0.02 °C-1 
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4 Canopy photosynthesis  

4.1 Introduction  

In this Chapter the instantaneous and daily rates of both canopy gross and net photosynthesis are 

considered.  The rate of instantaneous canopy gross photosynthesis is calculated by summing the 

leaf photosynthetic rate over all leaves in the canopy.  This is done by combining the treatment of 

light interception and attenuation in Chapter 2 with that for leaf photosynthesis in Chapter 3, which 

defines the rate of leaf gross photosynthesis as a function of photosynthetic photon flux, PPF (µmol 

photons m-2 s-1) , incident on the leaves.  This approach to calculating canopy photosynthesis is well 

established.  Early models were developed by Thornley (1976), and the basic concept has been 

widely applied, with greater detail being incorporated into the descriptions of leaf photosynthesis 

and light interception.  The daily gross photosynthesis is then evaluated by summing the 

instantaneous canopy gross photosynthesis throughout the day taking into account variation in 

irradiance and temperature.  Canopy respiration, including growth and maintenance components, is 

then calculated which, combined with the canopy gross photosynthesis, gives the rate of canopy net 

photosynthesis.  This is then used to estimate the daily canopy growth rate.  Some background to 

the development of canopy photosynthesis models can be found in Johnson et al. (1989), Johnson et 

al. (1995), Anten et al. (1995), Anten (1997), Cannell and Thornley (1998), Thornley and Johnson 

(2000), Thornley (2002), Thornley and France (2007).  The general scheme for calculating canopy 

photosynthesis is illustrated in Fig. 4.1: 

 

Figure 4.1:  Schematic representation for calculating canopy photosynthesis.  Canopy 

light interception and leaf gross photosynthesis are combined to calculate canopy gross 

photosynthesis.  This is then combined with the growth and maintenance components 

of respiration to estimate canopy net photosynthesis. 

Light interception Leaf gross 
photosynthesis 

Canopy gross 
photosynthesis 

Canopy respiration 

Canopy net 
photosynthesis 
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It is well established that the leaf photosynthetic potential varies throughout the canopy due to 

acclimation to the growth environment, which is the physiological adjustment of the plant to 

environmental conditions (eg Kull, 2002).  As discussed in Chapter 3, the light-saturated rate of leaf 

photosynthesis is related to the leaf photosynthetic enzyme concentration.  However, the 

maintenance respiration rate is also related to the enzyme, or protein, concentration, since a 

primary source of maintenance costs is the resynthesis of degraded proteins.  It therefore follows 

that for leaves in low light, an increase in leaf enzymes will result in relatively small increases in 

photosynthesis, while maintenance costs may increase significantly.  Consequently, the observed 

decline in leaf enzyme content and therefore light-saturated rate of photosynthesis through the 

depth of the canopy is a physiologically plausible acclimation strategy by the plant.  Apart from 

responding to the light intensity, photosynthetic enzyme concentration also varies in relation to the 

other key climatic factors of temperature and atmospheric CO2.  Acclimation can occur over periods 

of around 2 to 8 days (Thornley, 2004).  This acclimatory response, which is discussed in Johnson et 

al. (2010), will be examined here. 

Since both canopy gross photosynthesis and canopy respiration depend on the distribution of 

photosynthetic enzymes through the canopy, which can be directly related to leaf nitrogen content, 

this distribution is first considered, followed by the calculations of the canopy photosynthesis 

components, and also canopy growth rate.  All model environmental variables are listed in Table 4.1, 

model variables in Table 4.2 and parameters in Table 4.3.  The leaf photosynthesis variables and 

parameters are given in Tables 3.2, 3.3 in the previous Chapter.  Some illustrations of the behaviour 

of the models are presented here, but you are encouraged to explore the models by using PlantMod. 

In the following discussƛƻƴΣ ǘƘŜ ǘŜǊƳ ΨǎǳōǎǘǊŀǘŜΩ ƛǎ ǳǎŜŘ ǘƻ ǊŜŦŜǊ ŜƛǘƘŜǊ ǘƻ ŎŀǊōƻƘȅŘǊŀǘŜ ƻǊ ƴƛǘǊƻƎŜƴ 

components that are available for plant structural synthesis.  Carbon substrate is sugars while 

nitrogen substrate is either nitrate or amino acids.  

4.2 Photosynthetic enzyme distri bution through the canopy  

To incorporate the decline in leaf photosynthetic potential through the canopy, Charles-Edwards 

(1981, p. 70) assumed that the rate of leaf gross photosynthesis at saturating PPF, ὖ  in eqn (3.5), is 

proportional to the growth PPF, so that 

 ,0
k

m mP P e-=  (4.1) 

where ὖȟ is the value at the top of the canopy (Љ π).  This approach has been widely used (eg 

Thornley, 2004), and is simple to implement. 

Since it is assumed that ὖ  is proportional to the photosynthetic enzyme concentration, eqns (3.17) 

and (3.18), using eqn (4.1) for ὖ  implies that 

 () ,0
k

p pf f e-=  (4.2) 

where Ὢȟ ὪЉ π is the value of Ὢ for leaves in full sunlight at the top of the canopy.  Note 

that in Chapter 2 the ὖ  response to Ὢ was assumed to have a maximum value at Ὢ Ὢȟ .  For 

simplicity, this is not included in the present discussion, although it will included in the full analysis of 

canopy photosynthesis that follows. 

Equation (4.2) can be generalized as 

 ()( ),0 , ,
k

p p p b p bf f f e f-= - +  (4.3) 
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where Ὢȟ is a basal enzyme concentration that is not involved in photosynthesis.  When Ὢȟ π 

this is identical to eqn (4.2).  Note that eqn (4.3) is often written in terms of leaf nitrogen rather than 

enzyme ς the latter is used here for convenience to allow plant material to comprise the 

components of cell wall, protein and substrate that were discussed in Section 1.4 in Chapter 1. 

Equations of the form of (4.2) or (4.3) have been derived by several authors.  For example, Sands 

(1995) and Anten et al. (1995) separately showed that for a given amount of photosynthetic 

enzymes (or N), then the rate of canopy photosynthesis is maximized when eqn (4.3) applies.  

Thornley (2004) has derived eqn (4.2) from a simple model of leaf photosynthetic acclimation to 

light that incorporates the synthesis and degradation of the photosynthetic enzyme.  It should be 

ƴƻǘŜŘ ǘƘŀǘ ¢ƘƻǊƴƭŜȅΩǎ ƳƻŘŜƭ ŀǎǎǳƳŜǎ ǘƘŀǘ ǎȅƴǘƘŜǎƛǎ ƻŦ ǇƘƻǘƻǎȅƴǘƘŜǘƛŎ b ŦǊƻƳ ƴƻƴ-photosynthetic N 

is proportional to PPF and if this is relaxed then other relationships for enzyme distribution will be 

derived.  The approach of eqns (4.1) and (4.2) has been widely applied in canopy photosynthesis 

models:  see, for example, Anten et al. (1995), Johnson et al. (1995), Kull and Jarvis (1995), Dewar 

(1996) (de Pury and Farquhar (1997), Anten (1997), Thornley and Johnson (2000) and, for more 

discussion and references, see Thornley and France (2007). 

In spite of the appeal of either eqn (4.2) or (4.3), plant enzyme distribution rarely follows this pattern 

of exponential decline.  Indeed, in an excellent review of the subject, Kull (2002) makes the point 

that the nitrogen gradient through the canopy is never proportional to the light gradient.  Rather, 

the distribution is fairly linear in the upper canopy and then curves at depth through the canopy.  

Examples of such observations can be found in Yin et al. (2003).  Kull (2002) further argues 

optimization models that lead to eqn (4.2) or (4.3) fail to treat acclimation as a whole plant 

phenomenon.   

All of the optimization approaches are derived from light interception and attenuation models that 

treat the light in the canopy as homogeneous rather than incorporating the direct and diffuse 

components (see Section 2.6 in Chapter 2).  However, as discussed by Johnson et al (1995), de Pury 

and Farquhar (1997), and others, the role of direct and diffuse PPF indicates that leaves within the 

canopy may experience intensities of PPF that are greater than the mean at that intensity.  For 

example, at a depth equivalent to an LAI of 1 with the extinction coefficient equal to 0.5 and 70% of 

the PPF in the direct beam, approximately 80% of the leaves will be in direct sunlight and their 

incident PFD will have only fallen by 12%.  However, according to eqn (4.1), ὖ  would decline by 40% 

which seems excessive.  This was highlighted by Yin et al (2003) in their discussion of experimental 

observations of nitrogen distribution through canopies.  There are other possible limitations to the 

optimization schemes mentioned here and these are considered in Section 4.8 below. 

In order to capture the general pattern of enzyme distribution through canopies, eqn (4.3) can be 

generalized as 

 () ( )( ),0 ,0 , 1
pk

p p p p bf f f f e
g

-= - - -  (4.4) 

where ‎ π is an empirical coefficient.  With ‎ π eqn (4.4) simplifies to a constant enzyme 

distribution defined by Ὢȟ, with ‎ ρ it becomes eqn (4.3), and when ‎ ρ, Ὢȟ π, it 

becomes eqn (4.2).  In the present analysis, the starting values Ὢȟ πȢςυ, Ὢȟ πȢπυ, ‎ σ are 

used, although variation in Ὢȟ and ‎ is considered later.  Equation (4.4) is illustrated in Fig. 4.2, and 

is a versatile equation for describing the possible enzyme decline through the canopy.  It should be 

noted that although eqn (4.4) is defined in terms of cumulative LAI, Љ, this is really a surrogate for 
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the PPF within the canopy relative to that at the top as given by eqn (2.7) in Chapter 2, so that the 

enzyme distribution is responding to variation in light within the canopy. 

 

Figure 4.2:  Decline in photosynthetic enzyme concentration through the depth of the 

canopy as defined by eqn (4.4).  The extinction coefficient is Ὧ  0.5, and values for Ὢȟ 

and Ὢȟ.are 25 and 0.05 mol protein C (mol leaf C)-1 respectively.   

Values for ‎ (0.5, 1, 2,3) are indicated in the figure. 

The mean enzyme concentration in the canopy is  

 () ()d
0

1
L

p pf L f
L
=

= ñ  (4.5) 

which can be integrated analytically with eqn (4.4), provided ‎ is a rational number (that is, the 

ratio of two integers).  However, it is straightforward to solve numerically.  

 () ()
1

1 i n

p p i
i

f L f
L

=

=

= Dä  (4.6) 

where  

 ( ) ( ) to1 2 1 , 1
2 2

i i i i n
D D

= - D + = - = (4.7) 

and 

 
L

n=
D

 (4.8) 

According to this scheme, the canopy is divided into layers of depth ɝЉ and Ὢὒ is evaluated at the 

mid-point of each layer and the total enzyme content of the layer is this value multiplied by the layer 

depth.  This is a common scheme for numerical integration and, while more elaborate numerical 

techniques can be applied, it works well for the present purposes.  The value 

 0.1D =  (4.9) 

is used throughout and ὒ is restricted to intervals of 0.1 (which could be relaxed). 
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4.3 Instantaneous canopy gross photosynthesis  

The rate of instantaneous canopy gross photosynthesis, ὖ ‘mol CO2 (m
-2 ground) s-1, is calculated by 

summing the leaf photosynthetic rate over all leaves in the canopy, and is given by  

 ()d,

0

L

g gP P I=ñ  (4.10) 

where ὖЉȟ ‘mol CO2 (m-2 leaf) s-1, is the rate of leaf gross photosynthesis (Chapter 3) and 

ὍЉ ‘mol photons (m2 leaf)-1 s-1, is the photosynthetic photon flux (PPF) incident on the leaf (Chapter 

2), ὒ (m2 leaf) (m-2 ground) is the total canopy leaf area index, and Љ is a dummy variable defining the 

cumulative leaf area index through the depth of the canopy.  All model variables are presented in 

Table 4.2 and parameters in Table 4.3.   

Separating the leaves in direct and diffuse PPF, eqn (4.10) can be written 

 ( ) ( )d d, , , ,

0 0

s dL L

g g s s g d dP P I P I= +ñ ñ  (4.11) 

which, using eqns (2.17) and ( 2.18) for Љ and Љ, becomes 

 ( ) ( )( )d d, , , ,

0 0

1
L L

k k
g g s g dP P I e P I e- -= + -ñ ñ  (4.12) 

Equation (4.12) is the key equation for calculating the rate of canopy gross photosynthesis which, 

combined with the previous theory, incorporates the effects of PPF, temperature, leaf nitrogen, 

atmospheric CO2 concentration and total leaf area index.  

The integrals in eqn (4.12) have been solved analytically (Thornley, 2002), when eqn (4.1) applies, 

although the analysis is quite complex.  However, for the present analysis, since the more general 

equation given by (4.4) is being used here, eqn (4.12) is solved numerically.  This is quite 

straightforward to compute and, analogous to the calculation of ὪӶὒ in the previous section, ὖ is 

evaluated as 

 ( ) ( )( ), , , ,
1

1i i
i i

i n
k k

g g s g d
i

P P I e P I e
=

- -

=

è ø= + - D
ê úä  (4.13) 

where the summation scheme in eqns (4.7) and (4.9) again applies. 

ὖ, as given by eqn (4.13), is illustrated in response to PPF incident on the canopy, Ὅ, and 

temperature, Ὕ, in Fig. 4.3 for a C3 canopy with the default climate values as defined in Table 4.3, 

leaf photosynthetic parameter values (see Chapter 3, Table 3.3), default canopy extinction 

coefficient Ὧ πȢυ (Table 4.2), and with ὒ  2 and 4.  These graphs have been produced by copying 

directly from PlantMod.  It can be seen that ὖ increases in response to ὒ as expected.  ὖ can be 

explored in further detail in PlantMod. 
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Figure 4.3:  Instantaneous canopy gross photosynthesis, ὖ, in response to PPF (left) and 

temperature (right).  The solid lines are ὒ ς and the broken lines are ὒ τ. 

Note the different scales on the vertical axes.  Default values are used for all other 

parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3).  From PlantMod. 

4.4 Daily canopy gross photosynthesis  

The daily canopy gross photosynthesis, ὖȟ  mol CO2 (m
-2 ground) d-1 is given by the integral of ὖ 

throughout the day: 

 d6
,

0

10g day gP P t
t

-= ñ  (4.14) 

where ὸ is time (s), † (s) is the daylight period in seconds and the factor ρπ  converts from ‘mol 

CO2 to mol CO2.  This equation can be applied with any daily distribution of PPF and temperature.  

For constant PPF, Ὅ, and temperature, Ὕ, it is 

 ( )6
, 010 ,g day gP P I Tt-=  (4.15) 

whereas, if Ὅ and Ὕ vary, it is evaluated as 

 () ()6
, 0

1

10 ,
i n

g day g i i
i

P P I t T t t
=

-

=

è ø= Dê úä  (4.16) 

where ɝὸ is a small time-step, 

 ( ) ( ) to1 2 1 , 1
2 2

i

t t
t i t i i n

D D
= - D + = - = (4.17) 

and  

 n
t

t
=
D

 (4.18) 

Essentially, this scheme sums ὖ as evaluated at regular intervals throughout the day.  The accuracy 

of the numerical scheme will increase as the time step (ɝὸ) gets smaller, or the number of time steps 

(ὲ) gets larger, although the computation will take longer.  However, continuing to decrease ɝὸ to 

very small values can cause numerical errors to increase and the scheme actually becomes less 

accurate.  A general strategy is to start with a relatively small value for ὲ and with ɝὸ calculated from 
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eqn (4.18), gradually increase ὲ until the estimate of ὖȟ  in eqn (4.16) is reached.  In PlantMod 

the mean daytime PPF and temperature values are used. 

4.5 Canopy structure and carbon partitioning  

In order to calculate canopy net photosynthesis, it is necessary to evaluate canopy respiration.  This, 

in turn, requires values for leaf area index as a function of plant mass and the carbon allocation 

between the shoot and root. 

Defining the shoot mass as ὡ mol C (m-2 ground) it follows that 

 
W

L sr
V

=  (4.19) 

where „, m2 leaf (kg leaf d.wt)-1 is the specific leaf area, ” is the leaf fraction of the shoot d.wt., and 

‟ converts from d.wt to mole units and is taken to be 37 mol C (kg d.wt)-1 which corresponds to 45% 

plant carbon content(see Section 1.4 in Chapter 1).  While „ could be defined with mole units and 

the need for the ‎ coefficient avoided, d.wt. units are used to be consistent with the common 

definition of specific leaf area. 

It is also observed that „ and ” generally decline as the CO2 concentration increases, corresponding 

to thicker leaves and a smaller leaf fraction in the shoot.  It should be noted that there is some 

variation in these responses, and a discussion can be found, for example, in Pritchard and Amthor 

(2005).  It is therefore assumed that 

 
()

amb

Cf C

s
s=  and 

()
amb

Cf C

r
r=  (4.20) 

where Ὢ ὅ is the CO2 response function as defined in Section 3.2.2 in Chapter 3 and in more detail 

in Section 1.3.4 in Chapter 1.  „  and ”  are the values of „ and ” at ambient CO2.  The square 

root term is introduced to moderate the response.  For example, with the parameter values in Table 

3.3 in Chapter 3, ρ Ὢ ὅϳ  takes the values 0.87 and 0.82 at 50% increase and doubling of CO2 

respectively.  These values are consistent with general observations in the literature ς for a further 

discussion of these responses, see Hikosaka et al. (2005).  Equation (4.19) now becomes 

 
()

amb amb

C

W
L

f C

s r

V
=  (4.21) 

and this is the equation that is used to relate leaf area index and plant mass.  The default values for 

„  and ”  are taken to be 15 m2 leaf (kg d.wt)-1 and 0.7 kg leaf d.wt (kg shoot d.wt)-1 

respectively. 

The carbon partitioned to the root is also required for the analysis that follows.  There has been 

much work done in relation to shoot:root partitioning, from the transport-resistance model of 

Thornley (1972) to simpler schemes based on the functional hypotheses of White (1937), Brouwer 

(1962) and Davidson (1969) that assume that the carbon allocation between the shoot and root is 

such that the acquisition of resources from those organs is in some form of equilibrium.  There is 

considerable variation in the observed carbon allocation between the shoot and root as CO2 

increases, although the general trend is for a shift towards root growth (Rogers et al., 1996), which is 

consistent with the functional hypothesis.  We therefore adopt the same approach as for „ and ”, by 

assuming that the fraction of gross photosynthesis that is allocated for shoot processes, –, is  
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()

amb

Cf C

h
h=  (4.22) 

which again incorporates a moderate decline in – as CO2 increases.  The default value – πȢω is 

used.  Although, a range of factors will influence shoot:root partitioning, eqn (4.22) allows for the 

influence of atmospheric CO2 which will be relatively stable as the plant grows. 

While this treatment of specific leaf area, „, and leaf fraction, ”, and carbon partitioning to the root, 

–, gives a relatively simple description of the likely response to atmospheric CO2 concentration, it 

must be remembered that, in practice, these quantities respond to internal plant variables, 

particularly carbohydrate and possibly substrate nitrogen (nitrate or amino acids).  There are other 

observed responses, such as thinner leaves at higher temperatures, lower light and higher nitrogen 

nutrition.  However, while these factors are likely to vary during plant growth, the ambient CO2 will 

remain relatively stable.  Thus, short-term variation in „, ” and – should be captured through the 

parameters „ , ”  and – . 

4.6 Daily canopy respiration rate  

It is now necessary to calculate the daily respiration rate.  Respiration, excluding photorespiration 

(which is incorporated directly into the calculation of gross photosynthesis, as discussed in Chapter 

3) is calculated using the McCree (1970) approach, that has been further developed by Thornley 

(1970), Johnson (1990), and is widely used.  This identifies the growth and maintenance components 

of respiration.  These components are helpful in understanding the respiratory demand by the 

plants, although the actual underlying respiratory process whereby ATP is produced from sugars 

with a respiratory efflux of CO2 (eqn (3.2) in Chapter 3) is common to both growth and maintenance 

respiration.  Growth respiration is the respiration associated with the synthesis of new plant 

material, while maintenance is the respiration required primarily to provide energy for the re-

synthesis of degraded proteins.  Consequently, growth respiration is related to the growth rate of 

the plant, or daily carbon assimilation, whereas maintenance respiration is proportional to the plant 

dry weight or, more specifically, the actual protein content which may vary in response to plant 

nutrient status, particularly nitrogen.  For a background on this treatment of respiration, see 

Johnson (1990) or Thornley and Johnson (2000).  One point to note here is that canopy respiration is 

not solely the sum of all the leaf respiration since growth respiration occurs in meristems which may 

not be included in measurements of respiration if only a section of a mature leaf is used in the 

experiment. 

In its standard form, the McCree-Thornley equation can be written: 

 
d

d

1
day

Y W
R mW

Y t

-å õ
= +æ ö
ç ÷

 (4.23) 

where Ὑ  (mol C m-2 d-1) is the daily dark respiration rate, ὡ (mol C m-2) is plant mass as discussed 

in the previous section, Äὡ Äὸϳ  (mol C m-2 d-1) is the growth rate which is discussed later, ὣ 

(dimensionless) is the growth efficiency, so that for 1 mole of C utilized for growth, there are ὣ 

moles of structural C produced and ρ ὣ respired (see below), and ά (d-1) is the maintenance 

coefficient, with maintenance costs being a fraction ά of plant mass.  Variables and parameters are 

defined in Tables 4.2 and 4.3.  The terms on the right-hand-side of eqn (4.23) are the growth and 

maintenance components of respiration respectively, denoted by Ὑȟ  and Ὑ ȟ , so that 

 , ,day g day m dayR R R= +  (4.24) 
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These components are now considered in turn. 

4.6.1  Growth respiration  

According to the definition of the growth efficiency ὣ, one unit of substrate that is utilised for 

growth results in ὣ units of plant structural material and ρ ὣ units of respiration.  Thus, for 1 

unit of growth, this can be represented by the scheme in Fig. 4.4: 

 

Figure 4.4:  Schematic representation of growth respiration. 

Hence, in terms of the growth rate, where now the structural C produced is Äὡ Äὸϳ , the growth 

respiration is 

 
d

d
,

1
g day

Y W
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Y t

-å õ
=æ ö
ç ÷

 (4.25) 

which is the first term in eqn (4.23).  The respiratory costs for cell wall and protein synthesis are 

different, with the costs of the more complex protein molecules being greater ς a detailed discussion 

can be found in Thornley and Johnson (2000).  The plant composition components discussed in 

Section 1.4 in Chapter 1, are used, so that the plant structure comprises cell wall, protein and sugars, 

with molar concentrations Ὢ, Ὢ and Ὢ respectively, and where  

 1w p sf f f+ + = (4.26) 

It is readily shown that, if the growth efficiencies for cell wall and protein are ὣ , and ὣ, then these 

are related to the overall growth efficiency, ὣ, by 

 
111 pw

w p
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YYY
f f
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 (4.27) 

from which  
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 (4.28) 

This allows for the direct influence of plant structure on the overall growth efficiency directly.  The 

model defaults are: 

 0.9; 0.55w pY Y= =  (4.29) 
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so that, for example, with 20% sugars, 25% protein and 55% cell wall (on a mole basis), ὣ πȢψρ, 

whereas, if the protein content is reduced to 20% and the cell wall increased to 60%, this becomes 

ὣ πȢψσ.  Values for ὣ that are observed experimentally are generally in the range 0.75 to 0.85.  For 

more discussion, see Johnson (1990), Thornley and Johnson (2000), Thornley and France (2007). 

4.6.2  Maintenance respiration  

Maintenance respiration is generally regarded to be related to the plant live dry weight as in eqn 

(4.23).  However, maintenance respiration is primarily related to the resynthesis of degraded 

proteins.  There are other maintenance costs, such as the energy required for phloem loading, but 

these are not considered explicitly, so that it is assumed that the enzyme concentration is an 

indicator of overall maintenance costs.  In addition, as a rate process, it is strongly temperature 

dependent.  Incorporating these features, the maintenance respiration is assumed to be given by 

 (),
,

p
m day ref m

p ref

f
R m f T W

f
=  (4.30) 

where Ὢ Ὕ is a maintenance temperature response function which takes the value unity at the 

reference temperature Ὕ , ὡ (mol C m-2) is shoot mass which is related to ὒ by eqn (4.21), ὪӶ is the 

mean canopy protein concentration as given by eqn (4.5) or (4.6), and Ὢȟ  is the reference protein 

composition, and ά  (d-1) is the maintenance coefficient at the reference temperature and 

enzyme content, with default value 

 d 10.03refm -=  (4.31) 

The maintenance coefficient in eqn (4.23) is now 

 ()
,

p
ref m

p ref

f
m m f T

f
=  (4.32) 

The maintenance temperature response function, Ὢ Ὕ, is defined to take the value unity at the 

reference temperature Ὕ , so that 

 ( )1m reff T T= = (4.33) 

Common equations that are used for the temperature response function are either the Arrhenius 

equation or simpler ὗ .  These can be shown to give virtually identical behaviour (as discussed in 

Section 1.3.5 in Chapter 1) and so the latter is used as it is simpler to work with.  According to the 

ὗ  approach, the temperature function is defined by 

 ()
( )10

10
refT T

mf T Q
-

=  (4.34) 

which is unity at Ὕ Ὕ , and so satisfies eqn (4.33).  More detail can be found in Section 1.3.5, 

Chapter 1.  Note that different day and night temperatures are required to calculate Ὢ Ὕ and, 

denoting these with obvious subscripts, 

 () ( ) ( )( )1m m day d m night df T f T f f T f= + -  (4.35) 

where Ὢ is the daytime fraction of the 24 hour period.  For more discussion about calculating the 

daylength, see Section 2.7 in Chapter 2.  For variable temperature distributions throughout the day 
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and night, a scheme similar to eqns (4.16) to (4.18) could be used, although there is very little 

penalty to using mean temperature values. 

Using eqn (4.21), eqn (4.30) can now be written 

 ()
()

,
,

p
m day ref m

amb amb p ref

ff C L
R m f T

f

V

s r
=  (4.36) 

which completely defines the canopy maintenance respiration rate, as a function of ὒ, in response to 

temperature, ambient CO2, canopy structure, and enzyme distribution through the canopy.  

According to this equation, when Ὑ ȟ  is related to leaf area index, ὒ, it increases in response to ὅ 

through the function Ὢὅ.  However, it should be noted that this is due to the influence of ambient 

CO2 on the relationship between ὒ and ὡ due to the effect on the specific leaf area and proportion 

of carbon allocated directly to leaves.  There will also be a response to the plant enzyme 

concentration and, as will be seen below, this may decline in response to ὅ.  Furthermore, a decline 

in the enzyme concentration will result in a decline in the maintenance coefficient, ά, in eqn (4.32). 

4.7 Daily growth rate and net canopy photosynthesis  

The final part of the analysis is to calculate the daily net and gross canopy photosynthesis rates, and 

the daily growth rate.  The approach here allows for carbon being partitioned to the root but then 

focuses on the shoot which is consistent with most practical applications.  Consequently, the 

estimates of canopy net photosynthesis and growth rate will be for the shoot, after allowing for 

carbon to be partitioned to the root. 

Daily shoot net canopy photosynthesis is  

 , ,n day g day dayP P R= -  (4.37) 

and the shoot growth rate is 

 
d

d
,g day day

W
P R

t
h= -  (4.38) 

where ὖȟ  is given by eqn (4.15) or (4.16), – by eqn (4.22), and the growth and maintenance 

components of Ὑ  as defined above.  Combining eqn (4.38) with (4.24) and (4.25) leads to 

 ( ) , ,1day g day m dayR Y P YRh= - +  (4.39) 

which can be used in eqns (4.37) and (4.38) to calculate ὖȟ  and Äὡ Äὸϳ .  Note that Äὡ Äὸϳ  is also 

readily derived as 

 ( )
d

d
, , 1n day g day

W
P P

t
h= - - (4.40) 

which is consistent with the definitions of the growth rate and net and gross photosynthetic rates ς 

that is, the growth rate is the daily net shoot carbon assimilation less the carbon partitioned to the 

roots. 

This completely defines the shoot growth rate, net and gross canopy photosynthetic rates, along 

with the growth and maintenance respiration rates 



PlantMod: canopy photosynthesis 77 

Two derived variables of interest are the carbon use efficiency and the canopy quantum yield.  The 

carbon use efficiency is defined as the ratio of the shoot photosynthesis to the rate of gross 

photosynthesis, so that 

 
,

,

n day

g day

P
CUE

P
=  (4.41) 

The canopy quantum yield is the ratio of moles of carbon fixed per moles of photons per unit ground 

area absorbed by the canopy, and is defined by  
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n day

day abs

P
CQY

PPF
=  (4.42) 

where ὖὖὊȟ , mol photons m-2 day-1 is the total PPF for the day that is absorbed by the canopy.  

Again, it must be emphasized that ὅὗὣ as defined here relates the net carbon fixed by the shoot ς 

that is total carbon fixed minus the shoot respiration ς to the daily PPF.   

The model behaviour is illustrated in Fig. 4.5, which shows Äὡ Äὸϳ  ὖȟ , ὖȟ , Ὑ , Ὑȟ , 

Ὑ ȟ  as functions of PPF and temperature for the default environmental and physiological 

parameters (Tables 4.1, 4.3, Table 3.3, Chapter 3).  The mean temperature is defined as the mean of 

the day and night temperatures, and the difference in day and night temperatures is 10°C for the 

illustration.  These responses are entirely consistent with general observations and demonstrate that 

the model has the expected behaviour.  

  

Figure 4.5:  Äὡ Äὸϳ , ὖȟ , ὖȟ , Ὑ , Ὑȟ , Ὑ ȟ  for the default environmental 

and physiological parameters (Tables 4.2, 4.3;  Table 3.3 in Chapter 3).   

Left:  PPF response.  Right response to the average of the day and night temperature. 

Note the different vertical scales for the graphs.  From PlantMod. 

4.8 Optimized plant enzyme content  

The analysis presented so far defines daily growth rate as well as photosynthesis and respiration 

components in response to plant and canopy characteristics, the environmental conditions, and also 

enzyme distribution through the canopy as given by eqn (4.4), which relates the enzyme 

concentration to the value at the top of the canopy, Ὢȟ, and light attenuation through the canopy.  

Just as the enzyme concentration within the canopy will depend on irradiance, so will Ὢȟ.  Enzyme 
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concentration and distribution will also vary in response to other factors such as temperature, as is 

explored later. 

Optimum, or goal-seeking teleonomic models, have considerable appeal in the plant sciences.  They 

allow exploration of possible optimum system characteristics in response to a wide variety of 

environmental conditions.  Teleonomic models in biology have been discussed at length by Monod 

(1972).  An example of teleonomic modelling is the partitioning of growth between shoots and roots.  

As discussed earlier, the functional hypothesis that defines partitioning in relation to resource 

acquisition, can be viewed as goal-seeking, and Johnson and Thornley (1987) developed this concept 

to describe partitioning in such a way as to maximize the specific growth rate.  Sands (1995) and 

Anten et al. (1995) have derived exponential patterns of nitrogen distribution through the canopy by 

optimizing the distribution of a given amount of nitrogen for canopies growing in homogeneous light 

conditions. 

While goal seeking models are attractive, they must be applied with caution.  Any such model is 

subject to the actual goal that may be defined.  For example, optimum shoot:root partitioning under 

good growth conditions may result in plants that have shallow root systems that are less resilient to 

ŘǊȅ ǇŜǊƛƻŘǎ ǘƘŀƴ ŘŜŜǇŜǊ ǊƻƻǘƛƴƎ ǎǇŜŎƛŜǎ ǘƘŀǘ Ƴŀȅ ŀǇǇŜŀǊ ƴƻǘ ǘƻ ƘŀǾŜ ΨƻǇǘƛƳǳƳΩ ƎǊƻǿǘƘΦ  {ƛƳƛƭŀǊƭȅΣ 

for nitrogen, or enzyme, distribution through the canopy, the underlying assumptions in the model, 

as well as the choice of optimum behaviour, will influence the outcome.   

Clearly, plant canopies do not always necessarily behave in an optimum manner. The definition of 

optimum behaviour is unlikely to account for all acclimatory requirements and is subject to the 

limitations of the model.  Also, it may be possible to define different equally plausible optimization 

criteria.  Nevertheless, there is value in exploring possible optimum enzyme distributions since it 

allows comparison across different environments and plant types.  For example, if the optimum 

enzyme concentration or distribution differs in different growth conditions this may point to a 

general trend, such as lowered enzyme concentration in elevated CO2 conditions.  Once these 

optimum responses have been considered we can investigate variation with non-optimum growth.   

The optimization criterion applied here is simply to maximize the daily net photosynthesis, eqn 

(4.37), for specified growth conditions by varying both the absolute amount and distribution of 

enzymes through the canopy.  This accounts for the effects on both carbon assimilation and 

respiratory losses from increasing the enzymes.  This differs from other approaches where it is 

generally assumed either that there is a fixed total canopy enzyme (or N) amount, or that the value 

at the top of the canopy is prescribed and the subsequent decay is estimated.  By looking at both the 

amount and distribution, it is possible to examine acclimatory responses to factors such as elevated 

CO2.  It should be noted that Dewar (1996) calculated the optimum N concentration in the canopy by 

balancing photosynthesis and respiration, and this analysis gave insight into the notion that net 

ǇǊƛƳŀǊȅ ǇǊƻŘǳŎǘƛƻƴ ƛǎ ƻŦǘŜƴ ǇǊƻǇƻǊǘƛƻƴŀƭ ǘƻ ǘƻǘŀƭ ƭƛƎƘǘ ƛƴǘŜǊŎŜǇǘŜŘΦ  IƻǿŜǾŜǊΣ 5ŜǿŀǊΩǎ ŀƴŀƭȅǎƛǎ 

include several simplifications in the description of canopy photosynthesis and also used the 

exponential distribution of N through the canopy, similar to eqn (4.1), which, as discussed earlier, 

does not agree with general observations. 

The parameters to be varied are the enzyme concentration at the top of the canopy, Ὢȟ, and the 

coefficient ‎ in eqn (4.4).  Recall that ‎ ρ corresponds to simple exponential decline.  The basal 

enzyme concentration, Ὢȟ, is kept fixed at the value 0.05 mol protein C (mol C)-1.  The optimum 

parameters are calculated using a simple search procedure.   
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The optimum enzyme distribution through the canopy, Ὢ, is shown in Fig. 4.6 for the default 

environment and parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3), but with ὒ υ to highlight the 

likely variation in Ὢ.  The derived values for Ὢȟ and ‎ are: 

 ,0 29.8pf =  mol protein C (mol leaf C)-1  and  5.18pg=  (4.43) 

It can be seen that Ὢ is fairly uniform with a slight decline near the top of the canopy, but with a 

greater decline as the depth through the canopy increases (as indicated by increasing LAI).  This 

general response is quite typical of general observations (Kull, 2002).  Further examples of possible 

distributions for Ὢ are considered below. 

 

Figure 4.6:  Enzyme distribution through the canopy that optimizes daily net 

photosynthesis.  The derived parameters are shown in eqn (4.43).  Default values are 

used for all other parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3).  From PlantMod. 

The illustration in Fig. 4.6 is for plants growing in a PPF of Ὅ 750 µmol photons m-2 s-1, which is 

fairly representative of daily average values for temperate pastures and crops.  However, the light 

environment is subject to considerable variation and the corresponding optimized Ὢ distributions 

are shown in Fig. 4.7 for Ὅ 500 and 1000 µmol photons m-2 s-1 and it can be seen that the response 

is quite substantial, with the overall mean enzyme concentration being 17.3 and 26.8 mol protein C 

(mol C)-1.  Although the optimized Ὢ can be seen to be quite variable in relation to the growth PPF 

environment, in practice this has much less influence on photosynthesis, as apparent in Fig. 4.7 

where the daily gross and net photosynthesis rates, ὖȟ  and ὖȟ , are shown along with the 

daily respiration rate, Ὑ .  The effect of increasing Ὢ is to increase both ὖȟ  and Ὑ , 

particularly at high Ὅ.  The effect on ὖȟ  is relatively small at low values of Ὅ, although the 

advantage of the greater Ὢ is apparent at high Ὅ,.  This relative lack of sensitivity to Ὢ may help 

explain the wide range of Ὢ values and distributions that are reported in the literature.  However, 

while the response of ὖȟ  to variation in Ὢ may be relatively modest, Ὢ is a direct reflection of 

pasture quality, and may also be an indicator of likely grain yield in crops.  
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Figure 4.7:  Enzyme distribution through the canopy (left) that optimizes daily net 

photosynthesis, for plants growing in 500 (solid line) or 1,000 (dashed line) µmol 

photons m-2 s-1.  This can be compared with Fig. 4.6 where the growth PPF is 750 µmol 

photons m-2 s-1.  The corresponding ὖȟ , ὖȟ  and Ὑ  are also shown (right). 

Default values are used for all other parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3). 

Turning to the effect of temperature and atmospheric CO2, Fig. 4.8 shows the optimum Ὢ 

distributions for the default environmental and physiological parameters, and either double ambient 

CO2 or the day and night temperatures increased or decreased by 5°C from the default values of 22 

and 12°C respectively.  It can be seen that there is virtually no response to CO2.  Although slight 

reductions in nitrogen (and therefore Ὢ) as CO2 increases are reported in the literature, these may 

well be due to a dilution effect due to elevated sugars (Pritchard and Amthor, 2005), or variation in 

plant nitrate. 

   

Figure 4.8:  Enzyme distribution through the canopy that optimizes daily net 

photosynthesis.  Left:  ambient (solid line) and double (dashed line) atmospheric CO2.  

Right:  day/night temperatures 17/7°C (solid line) and 27/17°C (dashed line).  Default 

values are used for all other parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3).   

From PlantMod. 

These illustrations suggest that the main factors affecting both the overall amount and actual 

distribution through the canopy of photosynthetic enzymes are the PPF and temperature. 
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Before proceeding, consider the exponential type decline as in eqn (4.3), which is equivalent to the 

general form for Ὢ being used here, eqn (4.4), but with the curvature coefficient ‎ ρ.  In Fig. 4.9 

the optimized Ὢ distribution as well as the daily gross and net photosynthesis rates, ὖȟ  and 

ὖȟ , and the daily respiration rate, Ὑ  are shown for eqn (4.4), so that both Ὢȟ and ‎ are 

optimized, and the exponential distribution, which is eqn (4.3) with ‎ ρ so that only Ὢȟ is 

optimized.  It can be seen that the Ὢ distribution is quite different, while the respiration terms 

deviate as the PPF increases.  The difference in ὖȟ  at high PPF is because the photosynthetic 

capacity of leaves near the top of the canopy is reduced quite substantially with the exponential 

distribution, even though they are at PPFs that could benefit from greater Ὢ.  The total canopy 

enzyme concentration in these two optimized distributions is different, being 29% for the full model 

and 22% for the exponential model, so that the assumption of exponential distribution of enzymes 

may result in lower estimations of total plant protein which could have significant implications in 

other calculations such as pasture quality. 

  

Figure 4.9:  Optimum Ὢ distribution through the canopy (left) and growth rate as a 

function of PPF (right) for ambient CO2.  The solid lines correspond to the enzyme 

distribution through the canopy described by eqn (4.4) with both Ὢȟ and ‎ being 

varied while the broken line is for the exponential distribution, corresponding to 

eqn(4.3), in which case  ‎ ρ, and only Ὢȟ is adjusted.  Default values are used for all 

other parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3).  From PlantMod. 

The enzyme distribution given by eqn (4.4) is implemented in PlantMod, although the option to use 

the exponential decline is also available on the interface.  The default parameter values are 

 ,0 30pf =  mol protein C (mol leaf C)-1  and  5pg=  (4.44) 

which are virtually identical to the optimized values derived in the above example.  However, it must 

be noted that different optimized values will be derived for variation in either the environmental or 

physiological parameters.  This is considered further in the illustrations below. 

4.9 Non-optimum plant enzyme d istribution  

Since it is by no means certain that plants will acclimate in an optimized fashion, it is instructive to 

look at the model variation under different enzyme concentratons and distributions.  In Fig. 4.10 the 

Ὢ distribution through the canopy and PPF response for the canopy daily gross and net 

photosynthesis, ὖȟ  and ὖȟ , and the daily respiration rate, Ὑ  are shown with the default 
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parameters (Tables 4.1, 4.3), and for Ὢȟ reduced from 30 to 25 mol protein C (mol leaf C)-1.  It can 

be seen that a substantial reduction in Ὢ results in a modest change to ὖȟ .  While reducing Ὢ 

does cause ὖȟ  to fall, it also results in a reduction in maintenance respiration, and so the 

influence on ὖȟ  is moderated.  This suggests that net carbon assimilation is relatively insensitive 

to variation over a fairly wide range of enzyme contents. 

  

Figure 4.10:  Photosynthetic enzyme distribution through the canopy, Ὢ, (left) for the 

default parameter values (Tables 4.1, 4.3;  Table 3.3, Chapter 3), solid line, and Ὢȟ 

reduced from 30 to 25 mol protein C (mol leaf C)-1, dashed line.  The graph on the right 

shows the corresponding daily net (red) and gross (green) photosynthetic rates. 

From PlantMod. 

4.10 Further illustrations  

The PlantMod program allows you to explore a wide range of canopy photosynthesis responses in 

relation to plant physiological characteristics and environmental conditions, and it is not possible to 

cover all of these here.  Some simulations have been discussed above, particularly the general model 

behaviour and also the acclimation of photosynthetic enzymes through the depth of the canopy in 

response to environmental conditions.  It is instructive to look at a few further examples.  In these 

examples, all model environmental and physiological parameters take the default values (Tables 4.1, 

4.3;  Table 3.3, Chapter 3) unless indicated otherwise.  As for Fig. 4.5, the mean temperature is 

defined as the mean of the day and night temperatures, and the difference in day and night 

temperatures is 10°C for the illustrations. 

4.10.1 General model behaviour  

The daily carbon balance was shown in Fig. 4.5 above as a function of PPF and temperature for the 

default model parameters.  The corresponding graphs as functions of atmospheric CO2, ὅ, and leaf 

area index, ὒ, are illustrated in Fig. 4.11.  These graphs show the expected behaviour.  In particular, 

note that both ὖȟ  and Äὡ Äὸϳ  reach a maximum at around ὒ υ, although there is little decline 

for greater values of ὒ. 
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Figure 4.11:  Äὡ Äὸϳ , ὖȟ , ὖȟ , Ὑ , Ὑȟ , Ὑ ȟ  for the default environmental 

and physiological parameters.  Left:  CO2 response.  Right LAI response. 

Note the different vertical scales for the graphs. 

The carbon use efficiency, ὅὟὉ eqn (4.41), and canopy quantum yield, ὅὗὣ eqn (4.42), are 

illustrated in Figs 4.12 and 4.13 as functions of PPF and temperature.  Mean temperature denotes 

the average of day and night temperature with a 10°C difference.  These curves are consistent with 

general observations reported in the literature. 

  

Figure 4.12:  ὅὟὉ for the default environmental and physiological parameters.  Left:  

PPF response.  Right temperature response.  Mean temperature denotes the average of 

day and night temperature with a 10°C difference.  From PlantMod. 
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Figure 4.13:  ὅὗὣ for the default environmental and physiological parameters.  Left:  

PPF response.  Right temperature response.  Mean temperature denotes the average of 

day and night temperature with a 10°C difference.  From PlantMod. 

The ὅὟὉ and ὅὗὣ are also illustrated as functions of ὅ in Fig. 4.14 where it can be seen that both of 

these quantities approach asymptotic values at high ὅ.  Note that the maximum value the ὅὗὣ can 

reach is the leaf photosynthetic efficiency, ‌ eqn (3.4) in Chapter 3.  This occurs at low PPF values 

when all of the leaves are on the initial part of the PPF response curve, as illustrated in Fig. 3.3 in 

Chapter 3. 

  

Figure 4.14:  ὅὟὉ (left) and ὅὗὣ (right) in response to atmospheric CO2 concentration 

for the default environmental and physiological parameters.  From PlantMod. 

The maintenance coefficient, ά eqn (4.32), is shown in response to temperature in Fig. 4.15, which 

demonstrates the expected response.  Note that ά ranges from around 2 to 3% at typical 

temperatures, which is consistent with general observations. 
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Figure 4.15:  Maintenance coefficient, ά, eqn (4.32), in response to temperature for the 

default environmental and physiological parameters.  Mean temperature denotes the 

average of day and night temperature with a 10°C difference. 

The growth efficiency, ὣ (4.28), is not illustrated graphically since it depends only on the prescribed 

plant composition.  For the default simulation its value is  

 76.2%Y=  (4.45) 

although this will vary in response to the enzyme content, Ὢ.  

4.10.2 C4 canopies 

So far the illustrations have focused on C3 canopies ς C4 canopies are now briefly considered.  The 

optimum enzyme distribution for the default C3 and C4 canopies, is illustrated in Fig. 4.16, but with 

the day and night temperatures increased for the C4 canopy by 5°C from 22/12°C to 27/17°C to 

reflect the generally higher temperatures that suit C4 plants.  It can be seen that the optimum 

enzyme distribution for C4 species is considerably lower than for C3, which is consistent with 

generally lower nitrogen contents in C4 plants, which is reflected in their lower digestibility (eg 

Lazenby, 1988).   

 

Figure 4.16:  Optimum enzyme distribution through the canopy, Ὢ eqn (4.4), for the C3 

(solid line) and C4 (dashed line) canopies.  Default values are used for all parameters 

(Tables 4.1, 4.3;  Table 3.3, Chapter 3), with the exception of the day and night 

temperatures for the C4 canopy which are both increased by 5°C.  From PlantMod. 
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The canopy daily gross and net photosynthesis, ὖȟ  and ὖȟ , and the daily respiration rate, 

Ὑ , are presented in Fig. 4.17 as functions of PPF and temperature.  These responses are as 

expected with the C4 canopies having greater rates of carbon assimilation. 

  

Figure 4.17:  ὖȟ , ὖȟ  and Ὑ  as functions of PPF (left) and temperature (right) 

for the default C3 (solid lines) and C4 (broken lines).  Default values are used for all 

parameters (Tables 4.1, 4.3;  Table 3.3, Chapter 3), with the exception of the day/night 

temperatures for the C4 canopy, which are increased by 5°C to 27/22°C.   

From PlantMod. 

4.11 Final comments  

The theory presented in this Chapter has combined the treatment of light attenuation and 

interception in Chapter 2 and that for leaf photosynthesis in Chapter 3 to produce a versatile model 

of canopy photosynthesis that includes instantaneous and daily descriptions of canopy 

photosynthesis.  Gross photosynthesis, net photosynthesis and respiration are considered as well as 

the growth and maintenance components of respiration and the derived quantities of carbon use 

efficiency and canopy quantum yield.  The distribution of photosynthetic enzymes through the 

canopy has been considered and this can be seen to be important in the description of canopy 

photosynthesis through its influence on photosynthesis and respiration.  The optimum distribution 

of photosynthetic enzymes has also been described.  C3 and C4 canopies are included. 

The model is structured in terms of parameters that have simple physiological interpretations and it 

is quite straightforward to define different characteristics such as cool or warm temperature species.  

PlantMod allows for an extensive exploration of the model and a large number of simulations can be 

explored. 
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4.12 Variables and parameters  

Table 4.1:  Environmental variables. 
These values are used in illustrations unless stated otherwise. 

 

Variable Definition Units 

ὅ, ὅ  Actual and current ambient atmospheric 
CO2 concentration 

380 ‘ mol CO2 (mol air) -1 

Ὢ  Direct solar fraction of PPF 0.7 

Ὅ  Photosynthetic photon flux, PPF 750 µmol photons m-2 s-1 

Ὕ  Temperature 22ᴈ  

Ὕ, Ὕ Day and night temperature 22, 12ᴈ  

†  Daylength ρτσφππ secs (14 hours) 

 

Table 4.2:  Model variables, definitions, and units.  PPF is photon flux density, µmol m-2 s-1. 
 Environmental parameters and model parameters are defined in Tables 4.1 and 4.3 respectively. 

Symbols are grouped for the canopy structure, light attenuation and interception, and canopy 
photosynthesis.   

Variable Definition Units 

Canopy structure 

Љ, Љ, Љ  Total cumulative leaf area index (LAI) 
within the canopy, and the components 
in direct (sun) and diffuse PPF 

m2 leaf (m-2 ground) 

–  Fraction of gross photosynthesis 
allocated to shoot processes 

- 

”  Leaf fraction of shoot mass - 

„  Specific leaf area m2 leaf (kg d.wt)-1 

Light attenuation and interception 

Ὢ  Leaf enzyme, or protein, concentration. 
For canopy calculations, Ὢ is a function 

of Љ  

mol protein C (mol leaf C)-1 

ὪӶ  Mean enzyme concentration in the 
canopy 

mol protein C (mol canopy C)-1 

ὍЉ, ὍЉ, ὍЉ Total, direct and diffuse components of 
PPF within the canopy 

µmol photons (m-2 ground) s-1 

ὍЉЉ, ὍЉȟЉ, ὍЉȟ Љ Total, direct and diffuse components of 
PPF incident on leaves within the 
canopy 

µmol photons (m-2 leaf) s-1 

Canopy photosynthesis 

ὅὗὣ  Canopy quantum yield mol CO2 (mol photons)-1 

ὅὟὉ  Carbon use efficiency - 

ά  Maintenance respiration coefficient day-1 

ὖ  Instantaneous rate of canopy gross 
photosynthesis 

µmol CO2 (m
-2 ground) s-1 

ὖȟ   Daily rate of canopy gross 
photosynthesis 

mol CO2 (m
-2 ground) d-1 
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ὖȟ   Daily rate of canopy net photosynthesis mol CO2 (m
-2 ground) d-1 

ὖὖὊὨὥώȟὥὦί  PPF for the day absorbed by the canopy mol photons (m-2 ground) d-1. 

Ὑ , Ὑȟ , Ὑ ȟ  Total respiration, and growth and 
maintenance components 

mol CO2 (m
-2 ground) d-1 

ὣ  Growth respiration efficiency - 

 

Table 4.3:  Model parameters, definitions, units, and default values. 
Environmental parameters and model variables are defined in Tables 4.1 and 4.2 respectively. 

Symbols are grouped for canopy respiration, and canopy structure.  All leaf photosynthesis 
parameters are given in Table 3.3 in Chapter 3.   

Parameter Definition Default value 

Canopy respiration 

ά   Maintenance respiration coefficient at 
the reference temperature, Ὕ . 

0.03 day-1 

ὗ   ὗ  value for maintenance respiration. 1.5 

Ὕ   Reference temperature for Ὑ  (same as 
for ὖ  in Chapter 2) 

C3: 20 °C;  C4: 25 °C 

ὣ  Growth efficiency for protein synthesis 0.55 

ὣ   Growth efficiency for cell wall synthesis 0.9 

Canopy structure 

Ὢȟ  Value of Ὢ at the top of the canopy 0.3 mol protein C (mol leaf C)-1 

Ὢȟ  Minimum value of Ὢ for a leaf 0.05 mol protein C (mol leaf C)-1 

Ὧ  Canopy extinction coefficient 0.5 m2 ground (m-2 leaf) 

ὒ  Total canopy LAI 5 m2 leaf (m-2 ground) 

‎  Enzyme variation coefficient  5 

–   Carbon fraction allocated for shoot 
growth at ὅ  

0.9 

”   Leaf fraction of shoot mass at ὅ  0.7 

„   Specific leaf area at ὅ  15 m2 leaf (kg d.wt)-1 

‟  Conversion factor for d.wt to mole units mol C (kg d.wt)-1 
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5 Canopy transpiration, temperature and energy 

budget  

5.1 Introduction  

The focus of this chapter is the instantaneous and daily transpiration from a canopy, its temperature, 

and the components of the energy balance.  The theory of canopy transpiration has received much 

attention, and the most widely used model is the Penman-Monteith (PM) equation (Penman (1948) 

and Monteith (1965)).  This approach is based on sound physical principles, and describes the 

influence of radiation, temperature, vapour deficit, windspeed and canopy structure on water use.  

As with any theory, there is always scope to incorporate greater complexity, but the PM equation 

provides an ideal description of canopy water use for most crop and pasture physiological studies, 

and is widely used in crop and pasture models.  For further discussion see Monteith (1973), or the 

later edition Monteith and Unsworth (2008), Campbell (1977), or the later edition Campbell and 

Norman (1998), Jones (1992), Allen et al. (1998), Thornley and Johnson (2000), Thornley and France 

(2007).  Background definitions for radiation, water vapour and conductance are given in Chapter 1, 

while the canopy radiation balance was discussed in Chapter 2:  this material will be referred to 

frequently throughout this Chapter.  Canopy transpiration is influenced by canopy temperature 

which, in turn, is affected by the prevailing environmental conditions.  A key part of the analysis for 

canopy transpiration is the elimination of canopy temperature so that transpiration is defined in 

terms of air temperature and other environmental factors.  Instead of eliminating canopy 

temperature, it is possible to eliminate transpiration in the analysis and derive an expression for 

canopy temperature as a function of environmental conditions.  Once canopy transpiration and 

temperature are known, the various terms in the canopy energy budget can be evaluated.  The 

analysis here will therefore consider canopy transpiration, followed by the equivalent approach to 

calculate canopy temperature.  The components in the canopy energy balance are then presented. 

For daily crop and pasture models that work with standard meteorological data, transpiration is 

generally required in units of mm d-1 to be consistent with rainfall.  However, since PlantMod uses 

mole units for conductance (Section 1.6 in Chapter 1), the analysis here derives transpiration with 

mole units.  The conversion is straightforward with 

 1 mol water ḳ 0.018 kg water (5.1) 

and 

 1 kg water m-2 ḳ 1 mm water (5.2) 

so that 

 1 mol water m-2 ḳ 0.018 mm water (5.3) 

PlantMod allows transpiration and evaporation to be defined either as moles or mm water. 

5.2 Transpiration  

Transpiration involves the energy balance for the crop which, in turn, is defined in terms of the 

shortwave and longwave radiation balance.  The analysis is derived using the energy balance for a 

canopy, as discussed in Chapter 2, and does not explicitly include variation in leaf transpiration 
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through the canopy, but uses the standard big-leaf approach whereby it is assumed that the canopy 

can be regarded as a single big leaf.  While it is common to present the analysis for full ground cover, 

the approach here is to consider the energy balance of the canopy in terms of actual ground cover.  

The derivation is presented for the instantaneous canopy transpiration (mol water m-2 s-1) which is 

then applied to give the daily value (mol water m-2 d-1). 

It must be emphasized here that, while the canopy calculations are expressed as per unit ground 

area, they do not include the soil energy balance.  Thus, they should not be interpreted as being the 

total ground area energy balance calculations. 

5.2.1 Instantaneous transpiration  

The net radiation balance for the canopy, ὐ (J m-2 s-1) , was derived in Section 2.8 in Chapter 2.  The 

energy balance of the canopy affects the following components: 

1. the transpiration rate, Ὁ (mol water m-2 s-1); 

2. heat transfer between the canopy and the air, Ὄ (J m-2 s-1); 

3. heat transfer between the canopy and the soil; 

4. heat storage by the canopy; 

5. metabolic process of photosynthesis and respiration. 

Of these, the last three are generally negligible and so are ignored in the analysis.  Note that, while 

the heat transfer between the canopy and the soil is ignored, the analysis for the net radiation 

balance of the canopy does account for solar radiation that is transmitted through the canopy to the 

soil.  Thus, neglecting components 3, 4 and 5, the energy balance for the canopy is therefore 

nJ H El= +  (5.4) 

where ‗ (J mol-1) is the latent heat of vaporization of water.  While ‗ does vary with temperature, 

this variation is small, and a standard value that is widely used is 44.1kJ mol-1 which is the value at 

20ᴈ (see eqn (1.91) in Chapter 1). 

It is quite common to proceed from here to derive the canopy transpiration in terms of the canopy 

net radiation balance.  However, as was seen in Chapter 2, the net outgoing longwave radiation 

actually involves the canopy temperature, and the aim of the theory is to eliminate canopy 

temperature to define transpiration solely in terms of atmospheric conditions.  The separate terms 

of the net radiation balance, eqn (2.67) are therefore used. 

Combining eqn (5.4) with eqn (2.67) gives 

 ( )g n p r c af J c g T T H Elè ø¡- - = +ê ú  (5.5) 

where Ὢ is the fractional ground cover by the canopy, ὐ (J m-2 s-1) is the canopy isothermal net 

radiation (see Section 2.8.3, Chapter 2), ὧ is the specific heat capacity of the air (J mol-1 K-1), Ὣ (mol 

m-2 s-1) is the radiative conductance (eqn (2.52) in Chapter 2), and Ὕ and Ὕ are the canopy and bulk 

air temperatures (K or ᴈ since the difference is the same for both units).  The specific heat capacity 

of the air, ὧ, will depend on the atmospheric composition but a good standard value to use is 29.3 J 

mol-1 K-1, which is based on a value of 0.029 kg mol-1 for the molar mass of dry air (see eqn (1.69) in 

Chapter 1).  The canopy isothermal net radiation in eqn (5.5) was discussed in Section 2.8.3 in 

Chapter 2, and is the net radiation balance, including both shortwave (solar) and longwave 

components, for a canopy with full ground cover under isothermal conditions (that is, Ὕ Ὕ).  The 

second term on the left-hand-side of eqn (5.5) accounts for the influence of the difference between 
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the canopy and air temperatures on the net outgoing longwave radiation.  The ground cover was 

derived in Chapter 2 and is given by 

 1 kL
gf e-= -  (5.6) 

where Ὧ, (m2 ground) (m-2 leaf), is the canopy extinction coefficient and ὒ, (m2 leaf) (m-2 ground), is 

the leaf area index. 

The sensible ƘŜŀǘ ŦƭǳȄ ōŜǘǿŜŜƴ ǘƘŜ ŎŀƴƻǇȅ ŀƴŘ ǘƘŜ ŀƛǊ ƛǎ ŘŜŦƛƴŜŘ ōȅ CƻǳǊƛŜǊΩǎ ƭŀǿ ƻŦ ƘŜŀǘ ǘǊŀƴǎŦŜǊΣ 

which can be written as 

 ( )g p H c aH f c g T T= -  (5.7) 

where Ὣ  is the conductance for heat (mol m-2 s-1).  Note the presence of the ground cover term, Ὢ. 

Eliminating Ὄ from eqns (5.5) and (5.7) gives 

 ( ) ( )g c a p H r g nf T T c g g f J El¡- + = - (5.8) 

The transpiration across the boundary layer from the evaporating surface to the bulk air stream, as 

discussed in Section 1.6 in Chapter 1, is given by 

 , ,v l v a
v

e e
E g

P

-
=  (5.9) 

where Ὡȟ and Ὡȟ (kPa) are the vapour pressures within the leaf and atmosphere respectively, ὖ 

(kPa) is the atmospheric pressure, and Ὣ (mol m-2 s-1) is the conductance for water vapour.  Again, 

since the pressure ratios are used, there is no problem using kPa pressure units.  This equation for 

the canopy transpiration rate, Ὁ, does not include the fractional ground cover term Ὢ since the 

influence of leaf area index is included in the conductance term Ὣ, as discussed later. 

Equation (5.9) for Ὁ involves the vapour pressure at the evaporating surface, Ὡ, which is the sub-

stomatal cavity of the leaves.  It is readily shown that the vapour pressure (or density) at this 

evaporating surface is, to a very good approximation, saturated (eg, Thornley and Johnson, 2000, p. 

205), so that 

 ( ),v l v ce e T¡º  (5.10) 

where Ὡ Ὕ  is the saturated vapour pressure at the canopy temperature.  For most practical 

situations this will be more than 99% accurate.  Ὡ Ὕ  can be expanded as a Taylor series and, 

taking the first two terms, can be written as 

 () ( ) ( )v c v a c ae T e T sP T T¡ ¡= + -  (5.11) 

where  

 ( )
d1

d
v

a

e
s T T

P T

¡
= =  (5.12) 

is the of the slope of the saturated vapour density with respect to temperature at the air 

temperature divided by atmospheric pressure, with units K-1 or °C-1.  Using the Teten formula, eqn 

(1.76) in Chapter 1, and normal pressure ὖ = 101.325 kPa, eqn (5.12) can be evaluated as 

 
( )

2

25.4 17.5
exp

241241

T
s

TT

å õ
= æ ö

+ç ÷+
 (5.13) 
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Using eqns (5.10) and (5.11), eqn (5.9) can be written  

 ( ),v v a c aE g e P s T Tè ø= D + -ê ú (5.14) 

where 

 ( ), ,v a v a v ae e T e¡D = -  (5.15) 

is the vapour pressure deficit of the air (kPa). 

Combining eqns (5.8) and (5.14) to eliminate Ὕ Ὕ  leads to 

 
( ) ,g n H r v a

H r
g

v

f sJ g g e P
E

g g
s f

g

lg

l g

¡è ø+ + Dê ú
=

è øå õ+
+é ùæ ö
é ùç ÷ê ú

 (5.16) 

where  

 
pc

g
l
= =664  10-6  mol water (mol air)-1 K-1 (5.17) 

Is known as the psychrometric parameter.  Note that since ‗ varies slightly with temperature, ‎ is 

not constant but will also vary with temperature.  However, this variation has negligible effect on the 

simulations and so the constant value in eqn (5.17) is used.  It can be seen from eqn (5.16) that 

canopy transpiration is not directly proportional to ground cover, Ὢ, since this term is in both the 

numerator and denominator.   

It now remains to consider the conductance terms Ὣ  and Ὣ.  First consider the conductance for 

water vapour, Ὣ.  The water vapour transfer pathway includes movement out of the sub-stomatal 

cavities from the evaporating surfaces to the leaf surfaces and then from the leaf surfaces across the 

boundary layer to the bulk air stream.  Ὣ can therefore be partitioned into the components for the 

transfer across the stomates and then to the bulk air stream.  Denoting these by Ὣ and Ὣ  

respectively, it follows that 

 
1 1 1

v c ag g g
= +  (5.18) 

Note that the reciprocals of conductance are used, which are equivalent to resistances, and these 

are summed since they are in series (see section 1. in Chapter 1).  Ὣ is termed the canopy 

conductance, and is related to stomatal conductance, as discussed below.  Ὣ  is termed the 

boundary layer conductance.   

For turbulent flow, the transport of both heat and water vapour is dominated by eddy diffusion so 

that the processes are the same and so the conductances for heat and water vapour from the 

canopy to the bulk air stream can be taken to be equal (Jones, 1992), that is 

 H ag g=  (5.19) 

Equation (5.16) now becomes 

 
( )

( )( )
,

1 1

g n a r v a

g a r c a

f sJ g g e P
E

s f g g g g

lg

l g

¡è ø+ + Dê ú
=
è ø+ + +ê ú

 (5.20) 
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This is the form of the Penman-Monteith (PM) equation that is widely used, although it is generally 

derived for full ground cover with Ὢ ρ.  Earlier derivations (eg Thornley and Johnson, 2000) did 

not incorporate the radiative conductance, Ὣ.  The PM equation describes the transpiration rate as 

a function of the isothermal radiation, ὐ, the vapour pressure deficit, ɝὩȟ, the canopy and 

boundary layer conductances, Ὣ and Ὣ , the radiative conductance, Ὣ, and the physical 

parameters ‗, ί and ‎, which depend on air temperature, and are readily available from standard 

tables or functions.  ὐ is a function of solar radiation, ὐ, and the net isothermal outgoing longwave 

radiation, ὐȟ.  ὐȟ is related to temperature, vapour pressure, and cloud cover according to the 

analysis in section 2.8.3 in Chapter 2.  Leaf area index, ὒ, affects the ground cover term, Ὢ, through 

eqn (5.6), and it also influences the canopy and boundary layer conductances through eqns (5.44) 

and (5.50).  Equation (5.20) is attributed to Penman (1948) for his analysis that eliminated canopy 

temperature, and to Monteith (1965) for the treatment of the canopy and boundary layer 

conductances. 

5.2.2 Daily transpiration  

The daily transpiration rate, Ὁ  (mol water m-2 d-1), is the sum of the instantaneous transpiration 

rate throughout the day.  In order to calculate Ὁ , it is assumed that the stomata close at night so 

that there is no transpiration during the dark period.  Thus, using the notation from Chapter 2 where 

daily radiation terms are denoted by Ὑ, with the same subscripts as for ὐ to describe the individual 

components, eqn (5.20) can be applied to give 

 
( )

( )( )

, ,86,400

1 1

g n day day a r v a

day

g a r c a

f sR f g g e P
E

s f g g g g

lg

l g

è ø¡ + + Dê ú
=

è ø+ + +ê ú

 (5.21) 

where the temperature and vapour deficit are mean daytime values, Ὑȟ  (J m-2 d-1) is the total net 

isothermal radiation during the daytime period, Ὢ  is the daytime fraction (eqn 2.23) and 86,400 is 

the number of seconds in 24 hours.  Ὑȟ , derived from eqn (2.69) in Chapter 2, involves 

temperature, vapour density, daily solar radiation, latitude and day of year.  Ὁ  is converted to the 

more common units of mm water day-1 by using eqn (5.3), which gives 

 , 0.018day mm dayE E=  (5.22) 

5.2.3 Summary of climate inputs  

The analysis in the previous section has derived the canopy transpiration rate in terms of climatic 

inputs.  These inputs are briefly summarised here. 

Instantaneous transpiration  

¶ Incoming solar, or shortwave, radiation, J m-2 s-1  

¶ Air temperature (°C) 

¶ Vapour pressure (kPa) 

¶ Windspeed (m s-2) 

¶ Fractional cloud cover (0  1) 

The fractional cloud cover is used in the calculation of the isothermal net radiation, ὐȟ, eqn (2.63). 

Daily transpiration  

¶ Incoming solar, or shortwave, radiation, J m-2 d-1 (often available as MJ m-2 d-1) 
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¶ Mean daytime air temperature (°C) 

¶ Vapour pressure (kPa) 

¶ Windspeed (m s-2) 

¶ Latitude (° which is converted to rad in the calculations) 

¶ Day of year 

The latitude and day of year are used in the calculation of potential daily solar radiation which is 

used to calculate the daily isothermal net radiation, Ὑȟȟ , see Section 2.8.4 in Chapter 2. 

Vapour pressure and relative humidity  

In the PlantMod program, it is possible to specify atmospheric moisture content either as vapour 

pressure in kPa units or relative humidity as percent.  If relative humidity is used, then the vapour 

pressure is calculated from temperature and is displayed on the PlantMod interface.  On the other 

hand, if vapour pressure is specified, then the relative humidity is prescribed.  For the daily 

simulations, it is assumed that the vapour pressure is constant for the day and night.  In this case, 

daytime relative humidity can be prescribed and used to calculate vapour pressure which is, in turn, 

used to calculate nighttime relative humidity from the nighttime temperature. 

5.3 Temperature  

In the above analysis, eqns (5.8) and (5.14) were combined to eliminate the temperature difference 

Ὕ Ὕ.  Eliminating transpiration, Ὁ, instead, leads to  

 ( ) ( ) ,c a g p H r v g n v v aT T f c g g sg f J g e Pl lè ø ¡- + + = - Dê ú  (5.23) 

so that, using (5.17), (5.18), (5.19), it follows that 

 
( )

( )( )
,1 1

1 1

g n c a v a
c a

g a r c a

f J g g e P
T T

s f g g g g

l

l g

¡ + - D
= +

è ø+ + +ê ú

 (5.24) 

which is the temperature equivalent to the PM equation.  As for transpiration, the leaf area index, ὒ, 

affects the ground cover term, Ὢ, through eqn (5.6), and the canopy and boundary layer 

conductances through eqns (5.44) and (5.50).   

The mean daytime canopy temperature can be calculated by using the daytime value of ὐ (Section 

2.8.3 in Chapter 2), so that  

 
( )

( )( )
, ,

, ,

1 1

1 1

g n day c a v a
c day a day

g a r c a

f J g g e P
T T

s f g g g g

l

l g

¡ + - D
= +

è ø+ + +ê ú

 (5.25) 

For the nighttime, there is no solar radiation and the stomata are closed, so that Ὣ π, and using 

eqn (2.66) leads to 

 
( )

, ,
, ,

g L n night
c night a night

a r

f J
T T

g glg

¡
= -

+
 (5.26) 

where the nighttime isothermal net outgoing radiation is defined by eqn (2.59).  It can be seen that if 

ὐȟȟ  is positive then the canopy will be cooler than the air at night, whereas if it is negative, the 

canopy will be warmer.  
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5.4 Energy components  

The analysis deriving canopy transpiration and temperature involves the canopy energy balance, 

which is defined in terms of the net radiation balance, the latent heat of vaporization and the 

sensible heat flux of the canopy.  The net radiation balance involves the absorbed solar, absorbed 

longwave, and emitted longwave radiation, with the latter combining to give the net outgoing 

longwave radiation.  Since both canopy transpiration, Ὁ, and the canopy temperature, Ὕ, have been 

calculated, it is quite straightforward to evaluate these components of the radiation balance and 

look at how they each respond to the environmental conditions.  These energy terms were derived 

either in Chapter 2 or in this Chapter, and are summarized here. 

The environmental inputs for defining the energy components are the incoming solar radiation, ὐ, 

the isothermal net outgoing longwave radiation , ὐȟ, and the temperature difference between the 

canopy and air, Ὕ Ὕ, as derived in this Chapter.  The transpiration rate that is also derived here is 

used for the latent heat flux.  For daily energy calculations, the corresponding daily environmental 

inputs, temperature difference between the canopy and air, and transpiration rate are used.  Note 

that in PlantMod, for daily illustrations the separate daytime and nighttime energy components can 

be plotted. 

5.4.1 Latent heat flux  

The instantaneous latent heat flux, which is the heat lost by the canopy, is 

 Canopy latent heat loss El=    J m-2 s-1 (5.27) 

and the daily value is  

 Daily canopy latent heat loss dayEl=    J m-2 d-1 (5.28) 

5.4.2 Sensible heat flux  

The sensible heat flux is the energy flux between the canopy and air as a result of their temperature 

difference.  The instantaneous value is 

 ( )g p a c aH f c g T T= -    J m-2 s-1 (5.29) 

and for the day it becomes 

 
( )( )( ), , , ,

86,400

1

day g p a

day c day a day day c night a night

H f c g

f T T f T T

= ³

è ø- + - -
ê ú

   
J m-2 d-1 (5.30)

 

5.4.3 Absorbed solar radiation  

The instantaneous absorbed solar radiation is 

 ( ), 1S a g SJ f Ja= -    J m-2 s-1 (5.31) 

while the daily value is 

 ( ), 1S a g SR f Ra= -    J m-2 d-1 (5.32) 

5.4.4 Absorbed longwave radiation  

The instantaneous absorbed longwave radiation is given by 
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 4
, , ,L a g K a L nJ f T Jesè ø¡= -

ê ú
   J m-2 s-1 (5.33) 

and for the whole day it is 

 ( )4 4
, , , , , ,86,400 86,400 1L a g day K a day day K a night L nR f f T f T Res esè ø¡= + - -

ê ú
   J m-2 d-1 (5.34) 

5.4.5 Emitted longwave radiation  

The instantaneous emitted longwave radiation is 

 4
, ,L e g K cJ f Tes=    J m-2 s-1 (5.35) 

The corresponding daily value is 

 ( )4 4
, , , , ,86,400 1L e g day K c day day K c nightR f f T f Tesè ø= + -

ê ú
   J m-2 d-1 (5.36) 

5.4.6 Net outgoing longwave radiation  

The instantaneous net outgoing longwave radiation is 

 ( ), ,L n g L n p r c aJ f J c g T Tè ø¡= + -ê ú   J m-2 s-1 (5.37) 

ὐȟ is also given by 

 
( )

, , ,

4 4
, , ,

L n L e L a

g L n K c K a

J J J

f J T Tes

= -

è ø¡= + -
ê ú

 
(5.38)

 

and it can be shown that eqns (5.37) and (5.38) are equivalent by using eqns (2.51) and (2.53) in 

Chapter 2. 

The daily net outgoing longwave radiation is  

 
( )( )( )

, ,

, , , ,86,400 1

L n g L n

g p r day c day a day day c night a night

R f R

f c g f T T f T T

¡= +

è ø- + - -
ê ú   

J m-2 d-1 (5.39)
 

5.4.7 Net radiation balance  

The overall instantaneous net radiation balance for the canopy is now 

 , ,n S a L nJ J J= -  (5.40) 

where eqns (5.31) and (5.37) are used. 

Similarly, the daily net radiation balance is 

 , ,n S a L nR R R= -  (5.41) 

which uses eqns (5.32) and (5.39). 

5.5 Canopy conductances 

The canopy and boundary layer conductances need to be specified in the PM equation and 

associated calculations for canopy temperature.  The canopy height is first defined as a function of 

leaf area index, as this is required in the calculation for boundary layer conductance. 
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5.5.1 Canopy height  

In order to evaluate canopy conductance as defined above, it is necessary to prescribe the canopy 

height.  The usual strategy is to relate canopy height to LAI.  Allen et al. (1998) assume a linear 

relationship but a more general curvilinear form is used here, as given by 

 ( )0.69 /1 hL L
mxh h e-= -  (5.42) 

where Ὤ  (m) is the maximum canopy height attained as leaf area index, ὒ, increases, 0.69 =ln(2), 

and ὒ is the LAI at which the height is half maximal, so that Ὤ Ὤ ςϳ  when ὒ ὒ.  The default 

values  

 1hL = ,  1mxh = m (5.43) 

are used in PlantMod. 

While eqn (5.42) is quite flexible for the relationship between canopy height and LAI, in practice this 

may change during crop development.  For example, following anthesis in cereals and pastures, stem 

elongation occurs with little change in LAI.  Equation (5.42) is illustrated in Fig. 5.1. 

 

Figure 5.1:  Relationship between canopy height, Ὤ (m), and LAI, ὒ, using eqn (5.42) with  

Ὤ ρ and different values for ὒ as indicated. 

The illustration in Fig. 5.1 is most applicable to a crop.  Many applications of the canopy energy 

balance focus on turf grass which may be maintained at around 5 to 15 cm.  In this case, it is 

necessary to set Ὤ ρ to an appropriate value. 

5.5.2 Canopy conductance 

For canopy conductance, it is assumed that  

 c liveg L g=  (5.44) 

where, ὒ  is the canopy live leaf area index and ὫЉ, mol m-2 s-1, is the mean stomatal conductance 

for the leaves, and must account for both sides of the leaves.  It is assumed that the live component 

of the leaf area index, ὒ, is 

 ,live L liveL f L=  (5.45) 

where the default value 
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 , 0.8L livef =  (5.46) 

is used. 

The possible dependence of stomatal conductance on environmental conditions must be 

considered.  With traditional units of m s-1 for stomatal conductance it is possible to apply the basic 

physics of diffusion to derive the direct temperature and pressure effects, and this was discussed in 

Section 1.6 in Chapter 1.  Converting to mol m-2 s-1, the conductance depends on temperature alone 

and is given by eqn (1.91), although for practical temperatures this variation is quite small and can 

be ignored.  As discussed in Section 1.6.4 in Chapter 1, responses to environment are observed that 

are a direct result of climatic conditions on stomatal aperture.  A simple empirical approach was 

introduced to capture these effects and is very similar to the widely used equation proposed by Ball 

et al (1987).  It is therefore assumed that the influence of the environmental conditions on ὫЉ is 

defined by 

 () () (), , , ,rref g J g h r g Cg g f J f h f C=  (5.47) 

where the three Ὢ functions capture the stomatal conductance response to irradiance or 

photosynthetic photon flux, ὐ (Chapter 2), relative humidity, Ὤ (Section 1.5.2), and atmospheric CO2 

concentration, ὅ (Section 1.5.1), and Ὣȟ  is a reference value of ὫЉ, so that 

 ( ), , ,, ,S S ref r ref amb refg J J h h C C g= = = =  (5.48) 

with the default value  

 mol m s2 1
, 0.2refg - -=  (5.49) 

The remainder of the default parameters are given in Section 1.6.4 in Chapter 1, where the response 

functions are illustrated.  These functions define the response to irradiance as increasing to an 

asymptote as irradiance increase, increasing from a non-zero level as relative humidity increases, 

and decreasing as atmospheric CO2 increases.  This approach is applied directly for the 

instantaneous calculations and, for daily values, the mean daytime environmental conditions are 

used.   

5.5.3 Boundary layer conductance  

Various slightly different expressions have been used for the boundary layer conductance, and for 

references see Thornley and France (2007).  A discussion is also given by Blonquist et al. (2009).  

Allen et al. (1998, eqn(4)) define the boundary layer conductance, Ὣ  mol m-2 s-1, by 
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where ‖ πȢτρ όŘƛƳŜƴǎƛƻƴƭŜǎǎύ ƛǎ Ǿƻƴ YŀǊƳŀƴΩǎ ŎƻƴǎǘŀƴǘΣ ό (m s-1) is the windspeed measured at 

height ᾀ (m), Ὠ (m) is the zero plane displacement, which is the projected height at which the 

windspeed is zero, ‒  (m) is the roughness length governing momentum transfer, ‒  is the 

roughness length governing the transfer of heat and water vapour, and 41.6 mol m-3 is the molar 

density of air and converts conductance from m s-1 to mol m-2 s-1 (see Section 1.6 in Chapter 1).  The 

reference height is taken to be  

 2z= m (5.51) 
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A similar equation, derived by Campbell (1977), is 
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A derivation of this equation is also presented in Thornley and Johnson (2000).   

According to Blonquist et al. (2009), a more general equation based on the Monin-Obukov Similarity 

Theory (MOST) (Monin & Obukhov, 1954) is 
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where ‪  and ‪  are stability terms.  These stability terms are difficult to calculate for practical 

applications as is apparent from the discussion by Blonquist et al. (2009). 

Regardless of which of these equations are used, the parameters Ὠ, ‒  and ‒  are generally 

assumed to be proportional to the canopy height and Blonquist et al. (2009) give these responses as 
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 (5.54) 

There are practical problems with each of these equations for Ὣ  with (5.54) since Ὣ  approaches 

zero as either the windspeed, ό, approaches zero or the canopy height, Ὤ, approaches zero.  In 

addition, the stability parameters ‪  and ‪  are difficult to define (see Blonquist et al., 2009).  If 

Ὣ  is zero, or close to zero, the canopy temperature which was discussed earlier, becomes very large 

ς possibly in excess of 50°C above air temperature ς which is inconsistent with general experimental 

observations (Bruce Bugbee, pers. comm.).  These problems arise since the theory does not 

adequately deal with low windspeeds or canopy height.  With regard to windspeed, when ό is at, or 

close to, zero, buoyancy effects for vapour transport will be significant and the theory does not 

adequately deal with this.  For low Ὤ, the linear relationships in eqn (5.54) are unlikely to be valid.   

These limitations are important since the aim of PlantMod is to be able to deal with all practical 

conditions, which will include very low windspeeds and canopy heights.   For example, many studies 

of canopy transpiration and temperature focus on turfgrass which may be maintained at heights of 

around 5 cm. 

Rather than attempt to add greater complexity to the theory, a much simpler approach is used in 

PlantMod that captures the general characteristics of the expected behaviour for canopy 

conductance.  Ὣ  is assumed to be given by 
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where Ὣȟ  is the value of Ὣ  at the reference windspeed ό  and canopy height Ὤ .  The 

reference values for windspeed and canopy height are taken to be 
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and the default conductance parameters are 
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The values in (5.57) have been derived by fitting to the data in Blonquist et al. (2009), and I am 

grateful to Mark Blonquist for his comments and for deriving these parameter values. 

According to this approach, Ὣ  is non-zero when windspeed is zero or canopy height close to zero;  it 

varies linearly with windspeed and is proportional to the canopy height raised to the power 0.5 

(square root).  The reason for not assuming that Ὣ  is proportional to height is that it to reduce the 

sensitivity of Ὣ  to Ὤ as Ὤ gets quite large. 

Equation (5.55) for Ὣ , with eqns (5.56) and (5.57) is illustrated in Fig. 5.2 as a function of LAI, ὒ, for 

canopies with maximum height 0.1 m and 1 m:  the relationship between ὒ and Ὤ is given in Section 

5.5.1 above.  It can be seen that Ὣ  is relatively insensitive to ὒ at the low Ὤ, but is subject to more 

variation in response to increases in ὒ for taller canopies.  This behaviour is realistic. 

 

Figure 5.2:  Boundary layer conductance, Ὣ , eqn (5.55), with (5.56) and (5.57), as a 

function of leaf area index, ὒ.  Canopy height, Ὤ, is given by .(5.42), ὒ ρ m and the 

curves are Ὤ πȢρ m (solid line) and 1 m (broken line).  From PlantMod. 

These various approaches for defining Ὣ  have been explored extensively during the development of 

PlantMod and eqn (5.55) has been found to be robust and to give realistic results for a wide range of 

conditions.  This is a subject that requires further exploration. 

5.6 Illustrations  

In PlantMod, instantaneous and daily transpiration, temperature and components of the energy 

budget can be explored in relation to both the canopy parameters and the climatic conditions.  

Some illustrations of the behaviour of the models discussed here are now presented.  All of the 

graphs are copied directly from the PlantMod interface, and you are encouraged to explore some of 

the many other possible simulations. 
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In Fig. 5.3, the instantaneous transpiration is shown as a function of windspeed for two different 

temperatures.  It can be seen that transpiration increases as both windspeed and temperature 

increase.  

 

Figure 5.3:  Instantaneous transpiration rate, Ὁ, as a function of windspeed. 

The environmental parameters are the PlantMod defaults, apart from  

Ὕ  15°C (solid line) and 25°C (broken line).  From PlantMod. 

An interesting scenario to consider is the influence of atmospheric vapour pressure, ὖ, on the daily 

transpiration rate.  While variation in ὖ is generally negligible at a specific location, it does vary quite 

substantially with latitude, falling by around 10 to 11% for every 1000m increase in elevation.  For 

example, at Mexico City where the altitude is 2,240 m ὖ will be approximately 77kPa compared with 

the standard sea level value of 101.3 kPa.  Atmospheric pressure can be varied in PlantMod.  In Fig. 

5.4 the daily transpiration rate with default parameters is illustrated for sea level, ὖ ρπρȢσ kpa, 

and an elevation of 2,000m with ὖ ψπ kPa.  It is clear that pressure has a noticeable effect on the 

daily transpiration rate.  This is consistent with observations (Gale, 2004;  Bruce Bugbee, pers 

comm.) 

 

Figure 5.4:  Influence of atmospheric pressure on transpiration.  The solid line is for 

standard pressure, ὖ ρπρȢσ kPa, and the broken line is ὖ ψπ kPa which 

corresponds to around 2km altitude.  From PlantMod. 

In Fig. 5.5 the day and night canopy temperatures are illustrated as functions of windspeed ς both 

the absolute temperature and the difference between the canopy and air temperature are 
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illustrated (these options are both available in PlantMod).  Here it can be see that as windspeed 

increases the daytime canopy temperature declines and falls below the air temperature, which is 

due to the cooling effect of transpiration which increases with windspeed, as well as the greater 

conductive transfer of heat from the canopy.  However, the nighttime canopy temperature increases 

slightly with windspeed, although it is lower than the air temperature.  This is explained by looking at 

eqns (5.4) and (5.7) which show that when there is no transpiration (which occurs at night with the 

stomata closed), the net radiation is balanced entirely by sensible heat loss.  As discussed earlier, the 

conductance for heat loss, Ὣ , is the same as the boundary layer conductance, Ὣ , (eqn (5.19)) and, 

since Ὣ  is proportional to wind speed, eqn (5.50), it follows that any increase in windspeed will 

result in a reduction in the difference between canopy and air temperature, that is the term 

Ὕ Ὕ  in eqn (5.7).  Thus, the greater the windspeed, the greater the conductive heat transfer 

between the canopy and air, and the closer the canopy and air temperatures become. 

  

Figure 5.5:  Daytime (solid) and nighttime (dashed) canopy temperature as a function of 

windspeed for the default PlantMod parameter values.  The day and night air 

temperatures are 22°C and 12°C respectively.  From PlantMod. 

The day and night sensible heat and latent heat transfers, along with the canopy net radiation 

balance, are shown in Fig. 5.6, again as functions of windspeed.  Note that the latent heat transfer at 

night is zero because there is no transpiration, and so the net radiation balance and the sensible 

heat flux are identical.  It can be seen that, during the day the latent heat increases with windspeed 

corresponding to the increase in transpiration.  However, the sensible heat declines due to the 

combination of the increase in latent heat and the greater convective heat transfer.  Negative 

sensible heat corresponds to the canopy being cooler than the air. 
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Figure 5.6:  Daytime (solid) and nighttime (dashed) canopy energy balance components 

as a function of windspeed with PlantMod defaults.  The day and night air temperatures 

are 22°C and 12°C respectively.  The net radiation balance, sensible heat flux and latent 

heat transfer are indicated.  Note that the latent heat flux is zero at night (since there is 

no transpiration) and so the net radiation balance is equal to the sensible heat flux.  

From PlantMod. 

As a final illustration, the difference between specifying vapour pressure, Ὡ, or relative humidity, 

Ὤ, is considered.  The temperature responses for ЎὩȟ (the vapour pressure deficit) and Ὤ were 

discussed in Section 1.5.2 in Chapter 1, and illustrated in Fig. 1.11.  Figure 5.7 shows the 

transpiration rate as a function of temperature with either Ὡ or Ὤ being specified.  It can be seen 

that the responses are different.  If Ὤ is fixed then, as temperature increases so does Ὡ since Ὤ is 

the ratio Ὡ Ὡȟϳ .  Thus, at low temperatures, ЎὩȟ is greater at fixed Ὤ while, at high 

temperatures, it is greater with fixed Ὡ.  The values for Ὡ and Ὤ used in Fig. 5.7 are such that the 

atmospheric vapour content is the same at 20°C. 

 

Figure 5.7:  Transpiration rate as a function of temperature with either a fixed vapour 

pressure (red), with Ὡ ρȢτ kPa, or fixed relative humidity (blue), with Ὤ φπϷ.  

These values give the same atmospheric water vapour content at 20°C. 
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5.7 Final comments  

The models presented here define the canopy transpiration, canopy temperature and energy 

balance components in terms of canopy physical parameters and environmental conditions.  A key 

part of this analysis is in the description of the net radiation balance for the canopy which was 

discussed in Chapter 2 and is incorporated here.  This includes the treatment for the longwave 

radiation which is related to canopy temperature and is defined in terms of the isothermal net 

longwave radiation, and is an improvement on defining a fixed net longwave radiation balance that 

is independent of temperature.  The analysis for instantaneous transpiration, temperature and 

energy requires an estimate of cloud cover, which is used in the radiation calculations, while for the 

daily model calculations, the data and latitude are used, along with the ratio of actual to potential 

solar radiation.  The analysis also relies on estimates of both the canopy conductance and boundary 

layer conductance.  Canopy conductance is calculated in relation to leaf stomatal conductance and 

canopy leaf area index, with the leaf stomatal conductance being related to the atmospheric 

conditions as discussed in Section 5.5.2, and boundary layer conductance related to windspeed and 

canopy height.  Both of these relationships are empirical, but they are at similar levels of complexity, 

are quite robust, and are ideally suited to practical analyses at the canopy level. 

The underlying physics for defining the energy balance for crops, and therefore the transpiration and 

temperature in response to climatic conditions, is well established.  However, there are a number of 

parameters relating to canopy physiology and structure that need to be prescribed and that can lead 

to a wide range of possible responses to environmental conditions.  The simulations in PlantMod 

allow many aspects of these topics to be explored. 

5.8 Variables and parameters  

Table 5.1:  Environmental variables and parameters.  Radiation components are 
listed in Table 5.2 below 

Variable or 
parameter 

Definition Units and default 
value (parameters) 

ὅ  Atmospheric CO2 concentration µmol mol-1 

ὅ   Ambient atmospheric CO2 concentration 380 µmol mol-1 

Ὡ  Saturated vapour pressure as a function of temperature kPa 

Ὡȟ  Vapour pressure in the air 1.4 kPa 

ЎὩȟ  Vapour pressure deficit in the air kPa 

Ὤ  Relative humidity  dimensionless 

Ὤȟ   Reference relative humidity for leaf stomatal 
conductance 

0.5 (50%) 

ὐȟ   Reference solar radiation for leaf stomatal conductance 400 J m-2 s-1 

ὖ  Atmospheric pressure 101.3 kPa 

Ὕ  Air temperature 22 °C 

Ὕȟ   Daytime air temperature 22 °C 

Ὕȟ   Nighttime air temperature 12 °C 

ό  Windspeed at height ᾀ m s-1 

ᾀ  Reference height for windspeed 2 m 
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Table 5.2:  Model variables, definitions and units.  Model parameters are defined in 
Table 5.3.  Unless stated otherwise, areas refer to ground area.   

Note that J (m-2 ground) s-1 ḳ W (m-2 ground). 

Variable Definition Units 

Ὠ  Zero plane displacement m 

ὩȟЉ  Vapour pressure within the leaf kPa 

Ὁ  Canopy transpiration rate mol water m-2 s-1 

Ὁ   Daily canopy transpiration rate mol water m-2 d-1 

Ὁ ȟ   Daily canopy transpiration rate in mm mm water d-1 

Ὄ  Sensible heat flux between the canopy and air J m-2 s-1 

Ὄ   Daily sensible heat flux between the canopy and air J m-2 d-1 

Ὢ   Daylength as a fraction of 24 hours dimensionless 

Ὢ  Fractional ground cover by the canopy dimensionless 

ὫЉ  Leaf stomatal conductance for water vapour mol m-2 s-1 

Ὣ   Boundary layer conductance mol m-2 s-1 

Ὣ  Canopy conductance mol m-2 s-1 

Ὣ   Conductance for heat mol m-2 s-1 

Ὣ  Radiative conductance mol m-2 s-1 

Ὣ  Conductance for water vapour mol m-2 s-1 

Ὄ  Sensible heat flux between the canopy and air J m-2 s-1 

Ὄ   Daily sensible heat flux between the canopy and air J m-2 d-1 

ὒ   Live leaf area index (m2 leaf)(m-2 ground) 

Ὕ  Canopy temperature °C 

Ὕȟ  Canopy temperature K 

Instantaneous radiation 

ὐ  Canopy net radiation balance (shortwave and 
longwave) 

J m-2 s-1 

ὐ  Canopy isothermal net radiation balance (shortwave 
and longwave) 

J m-2 s-1 

ὐȟ   Canopy isothermal net radiation balance during the 
day 

J m-2 s-1 

ὐȟȟ   Canopy outgoing isothermal net longwave radiation 
balance during the night 

J m-2 s-1 

ὐȟ  Net outgoing longwave canopy radiation balance J m-2 s-1 

ὐȟ, ὐȟ  Canopy absorbed and emitted longwave radiation J m-2 s-1 

ὐ  Incoming solar radiation J m-2 s-1 

ὐȟ  Canopy absorbed solar radiation J m-2 s-1 

Daily radiation 

Ὑ   Daily canopy net radiation balance (shortwave and 
longwave  

J m-2 d-1 

Ὑȟ   Daily canopy isothermal net radiation balance 
(shortwave and longwave) 

J m-2 d-1 

Ὑȟ  Daily solar radiation absorbed by the canopy J m-2 d-1 
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Ὑȟ  Daily net outgoing longwave canopy radiation balance J m-2 d-1 

Ὑȟ, Ὑȟ  Daily absorbed and emitted longwave radiation J m-2 d-1 

 

Table 5.3:  Model parameters, definitions, units, and default values.  Model variables 
are defined in Table 5.2.  Unless stated otherwise, areas refer to ground area.   

Note that J (m-2 ground) s-1 ḳ W (m-2 ground).   

Parameter Definition Default value 

ὧ  Specific heat capacity of air 29.3 J mol-1 K-1 

Ὢȟ   Live fraction of leaf area 0.8  

Ὣȟ  Basal value for boundary layer 
conductance 

0.3 mol m-2 s-1 

Ὣȟ   Reference value for boundary layer 
conductance, at Ὤ  and ό  

0.8 mol m-2 s-1 

ὫЉȟ   Leaf stomatal conductance at the 
reference values in eqn (5.49). 

0.2 mol m-2 s-1 

Ὤ   Reference height for boundary layer 
conductance 

0.3 m 

Ὤ   Maximum canopy height 1 m 

ὑ  Solar radiation parameter for stomatal 
conductance 

100 J m-2 s-1 

Ὧ  Canopy extinction coefficient 0.5 m2 ground (m-2 leaf) 

ὒ  Leaf area index 5 (m2 leaf)(m-2 ground) 

ὒ  Leaf area index for half maximal canopy 
height 

1 (m2 leaf)(m-2 ground) 

Ὕȟ , Ὕȟ   Daytime and nighttime canopy 
temperature 

°C 

ό   Reference windspeed for boundary layer 
conductance 

2 m s-1 

‌  Canopy reflection coefficient, or albedo 0.23 (dimensionless) 

‐  Canopy emissivity 0.97 (dimensionless) 

‖  Ǿƻƴ YŀǊƳŀƴΩǎ Ŏƻƴǎǘŀƴǘ 0.41 

‎  Psychrometric parameter 664  10-6 mol water (mol air)-1 K-1 

‗  Latent heat of vaporization 44.1 kJ mol-1 

„  Stefan-Boltzmann constant 5.670  10-8 J m-2 s-1 K-4 

 

  




